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Preface

Daniele Mundici is widely acknowledged as a leading scientist in many-valued
logic and ordered algebraic structures. In the last decades, his work has reveiled
profound connections between logic and such diverse fields of research as func-
tional analysis, probability and measure theory, the geometry of toric varieties,
piecewise linear geometry, and error-correcting codes.

In March 2006, the international conference MANYVALOG was held in Gargna-
no, Italy, in honor of Daniele Mundici on the occasion of his 60" birthday. Several
prominent logicians, mathematicians, and computer scientists gathered together
to celebrate the event. This volume is meant as a follow-up to that conference.
It consists of a wide-ranging collection of invited papers by established scholars,
whose scientific interests are related to Daniele’s work.

The paper by Cignoli offers a historical account of the algebraic investiga-
tions of Lukasiewicz logic, leading to a discussion of Daniele’s work up to 1986. A
turning point in such algebraic studies was Chang’s introduction of MV-algebras
in 1958. MV-algebras are the focus of a number of papers in this collection. Bel-
luce, Di Nola, and Lettieri introduce the class of symmetric MV-algebras, and
investigate their relationship with MV-chains of cardinality p + 1, for p a prime
number. Caicedo studies by algebraic means implicit definitions of connectives
in Lukasiewicz infinite-valued logic. Di Nola and Navara continue a line of inves-
tigation concerned with generalizations of the Cantor — Bernstein Theorem to
classes of MV-algebras. Drossos and Karazeris revisit Di Nola’s Representation
Theorem through Boolean ultrapowers.

Daniele’s most celebrated achievement is perhaps the discovery of a categor-
ical equivalence between MV-algebras and lattice-ordered Abelian groups with
strong order unit. The paper by Esteva and Godo addresses the question of gen-
eralizing that equivalence to the larger class of IMTL algebras. Jenei and Mon-
tagna, on the other hand, give to product and related logics a game-theoretic
semantics inspired by Daniele’s well-known work on Ulam games.

Glass and Point use piecewise linear geometry to characterize those finitely
presented lattice-ordered Abelian groups having decidable first-order theory, and
also obtain results on the elementary equivalence of such groups. In another
paper with a strong geometric slant, Panti relates the automorphism groups of
free MV-algebras and free cancellative hoops, and offers a comparison of the
dynamics they induce on the dual space.

A number of papers deal with first-order logic, both classical and non-classical.
Hajek investigates the import of adding tertium non datur to fuzzy predicate log-
ics with Godel negation. It is well known that several t-norm-based logics do not
enjoy strong completeness with respect to evaluations into the real unit interval
[0, 1], already at the propositional level. Montagna shows that the addition of
a single infinitary rule remedies the situation for Hajek’s Basic Logic and some
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of its notable extensions, even for the first-order case. Avron and Zamansky
provide a general semantics for a large class of first-order paraconsistent logics
based on a non-deterministic extension of many-valued logical matrices. Baaz
shows how to express constructive provability within classical logic, by means of
an appropriate translation. Hetzl and Leitsch introduce the notion of profile of
a proof in Gentzen’s sequent calculus for classical logic, and show its invariance
under a large class of proof transformations.

The volume is completed by a series of papers on a variety of topics. Dalla
Chiara, Giuntini, and Leporini characterize the fuzzy extensions of binary Boolean
functions implementable by reversible quantum gates, showing that the
Lukasiewicz connectives do not have such a representation. Riecan studies prob-
ability over IF-events both through the well-established theory of MV-algebraic
probability and through an alternative approach based on max-min connectives.
Finally, Gedell and Hahnle show how to apply automated first-order deduction
to formal software verification of Java programs through an analysis of paral-
lelizable code.

Several organizations made MANYVALOG possible with their financial sup-
port. We take this occasion to thank the University of Milan and its two com-
puter science departments DICO and DsI, the Kurt Godel Society (KGS Vienna),
and the GNSAGA department of the Istituto Nazionale di Alta Matematica.

We would also like to thank all speakers and participants in the conference
for making the event a success, all authors for their invaluable contribution to
this Festschrift, and all referees for their help in reviewing the papers.

This volume is collectively edited by the same group of former PhD stu-
dents of Daniele who organized MANYVALOG. We are all grateful to Daniele for
his generosity in sharing his knowledge, for his constant scientific and personal
encouragement, and for the long inspiring talks in his office in Milan.

May 2007 Stefano Aguzzoli
Agata Ciabattoni

Brunella Gerla

Corrado Manara

Vincenzo Marra
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Many-Valued Non-deterministic Semantics for
First-Order Logics of Formal (In)consistency

Arnon Avron and Anna Zamansky

School of Computer Science, Tel Aviv University

Abstract. A paraconsistent logic is a logic which allows non-trivial in-
consistent theories. One of the oldest and best known approaches to the
problem of designing useful paraconsistent logics is da Costa’s approach,
which seeks to allow the use of classical logic whenever it is safe to do so,
but behaves completely differently when contradictions are involved. da
Costa’s approach has led to the family of Logics of Formal (In)consistency
(LFIs). In this paper we provide non-deterministic semantics for a very
large family of first-order LFIs (which includes da Costa’s original system
C7, as well as thousands of other logics). We show that our semantics
is effective and modular, and we use this effectiveness to derive some
important properties of logics in this family.

1 Introduction

The concept of paraconsistency was introduced more than half a century ago,
when several philosophers questioned the validity of classical logic with regard
to its ex contradictione quodlibet (ECQ) principle. According to this counterin-
tuitive principle, any proposition can be inferred from any inconsistent set of as-
sumptions. Now the philosophical objections to this principle have recently been
reinforced by practical considerations concerning information systems. Classical
logic simply fails to capture the fact that information systems which contain
some inconsistent pieces of information may produce useful answers to queries.
The obvious conclusion from this state of affairs is that a more appropriate logic
is needed for such systems. Thus [I5] says:

Informally speaking, paraconsistency is the paradigm of reasoning in the
presence of inconsistency. Classical logic intolerantly invalidates any use-
ful reasoning if there is any inconsistency, no matter how irrelevant
it may be. However, inconsistencies, as unpleasant and dangerous as
they can be, are ubiquitous in information systems. For novel technol-
ogy which often is not sufficiently mature before being launched on the
market, the risk of inconsistencies is even higher. Hence, a thoroughly re-
vised inconsistency-tolerant logic is needed for databases and information
systems, also because many future applications (e.g., the self-organizing
cognitive evolution of networked information systems, involving negotia-
tion, argumentation, diagnosis, learning, etc.) are likely to deal directly
with inconsistencies as inherent constituents of real-life situations.

S. Aguzzoli et al.(Eds.): Algebraic and Proof-theoretic Aspects, LNAI 4460, pp. 1 2007.
© Springer-Verlag Berlin Heidelberg 2007



2 A. Avron and A. Zamansky

A paraconsistent logic is a logic that allows contradictory, yet non-trivial, the-
ories. There are several approaches to the problem of designing useful paracon-
sistent logics (see, e.g. [69[7]). One of the best known is da Costa’s approach
([I2UTOUTT]), which has led to the family of Logics of Formal Inconsistency (LFIs).
This family is based on two main ideas. First of all, propositions are divided into
two sorts: the “normal” (or “consistent”) and the “abnormal” (or “inconsis-
tent”) ones. The second idea is to express the meta-theoretical notions of consis-
tency /inconsistency at the object language level, by including in it a (primitive
or defined) connective o, with the intended meaning of op being “p is consis-
tent”. (Sometimes the dual connective e, expressing inconsistency is used, see
e.g. [8ITT]). Using the consistency operator, one can limit the applicability of the
rule ¢, = F 1 (capturing the ECQ principle) to the case when ¢ is consistent
(i-e., @, mp, 0p = 1h).

Although the syntactic formulations of the LFIs are relatively simple, already
on the propositional level the problem of finding useful semantic interpretations
for them is rather complicated. Thus the vast majority of the propositional
LFIs cannot be characterized by means of finite multi-valued matrices. What
is more, for almost all of them no useful infinite characteristic matrix is known
either. Therefore other types of semantics, like bivaluations semantics and pos-
sible translations semantics, have been proposed for them ([TO/TT]). However, it
is not clear how to extend these types of semantics to the first-order level.

An alternative framework for providing semantics for propositional paracon-
sistent logics was introduced in [I] (and used in [2I3/4]). This framework uses
a generalization of the standard multi-valued matrices, called non-deterministic
matrices (Nmatrices). Nmatrices are multi-valued structures, in which the value
assigned by a valuation to a complex formula can be chosen non-deterministically
out of a certain nonempty set of options. The framework of Nmatrices has a num-
ber of attractive properties. First of all, the semantics provided by Nmatrices
is modular: the main effect of each of the rules of a proof system is to reduce
the degree of non-determinism of operations, by forbidding some options. The
semantics of a proof system is obtained by combining in a rather straightforward
way the semantic constraints imposed by its rules. Secondly, this semantics is
effective. By this we mean that any legal partial valuation closed under sub-
formulas can be extended to a full valuation. This property is crucial for the
usefulness of semantics, in particular for constructing counterexamplesEl

This paper has two main goals. The first is to combine the results of [2] and [3]
(which treat different families of propositional LFIs) into one unified framework.
The second (and more important) goal is to extend this semantic framework
(and to generalize the corresponding results) to the full first-order level B

It turned out that one encounters severe complications when moving (in the
context of LFIs) from the propositional level to the first-order one. They are

! No general theorem of effectiveness is available for the semantics of bivaluations or
for possible translations semantics. As a result, effectiveness has to be proven from
scratch for any instance of these types of semantics.

2 First steps in this direction have been taken in [20].
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mostly related to the lack of the IPE principle (intersubstitutability of provable
equivalents) in LFIs. This is an important principle of classical logic, according
to which ¢ (A) < ¥ (B) is provable whenever A «» B is provable. Unfortunately
this principle does not hold for the family of LFIs studied in this paper (see
[TO/TT]). For instance, already on the propositional level one usually cannot infer
“(AAB) < =(BAA) from AN B < B A A. This abnormality becomes really
harmful on the first-order level. Even the a-conversion principle (identifying
syntactic objects differing only in the names of their bound variables) does not
hold in the first-order systems which are obtained from the propositional LFIs
considered here by the addition of the usual rules and axioms for V and 3. Thus
although Vap(x) < Vyp(y) is provable in these systems, ~Vap(z) < —Vyp(y) is
not. This is of course unacceptable in any reasonable logical system. A similar
problem occurs concerning vacuous quantification: although VaVyp(x) < Vap(x)
is provable, =VaVyp(x) < —Vap(z) is not.

The straightforward solution to this problem proposed by da Costa ([12/13])
is to add an explicit axiom capturing the principles of a-equivalence and vacuous
quantification. However, the non-deterministic semantics for systems with such
axioms become more complicated. As a result, their effectiveness becomes less
evident. Nevertheless, we shall be able to prove the effectiveness of our semantics
for all the first-order LFIs studied in this paper. Then we show how this effec-
tiveness can be used in order to prove important proof-theoretical properties of
those LFIs.

2 Preliminaries

Notation: Given a first-order language L, Frm; is its set of wifs, Frm$ - its set
of sentences and Trm§ - its set of closed terms. Fu[)] (Fv[t]) is the set of vari-
ables occurring free in a formula 1 (a term t). ¢{t/x} is the formula obtained
from ¢ by substituting the term t for every free occurrence of x in . PT(V)
denotes the set of all non-empty subsets of the set V.

The following definition formalizes for first-order languages the notion of a sub-
stitution of subformulas in a sentence.

Definition 1. (Substitutable subformulas) Given a sentence i of L, the set
SSF() of its substitutable subformulas is inductively defined as follows:

— SSF(o(h1, ey W) = {o(th1, ey W)} U SSF (1) U ... U SSF ()
— Ifz & Foly], then SSF(Quzvy) = {Qayp }USSF (). Otherwise, SSF(Qx) =

{Qzy}.

Denote by o(¢) an L-sentence ¢, such that ¢ € SSF(p). Let p() and 6 be
L-sentences. We denote by o(0) the result of substituting 0 for ¢ in .

For capturing the principles of a-conversion and void quantifiers, we need the
notion of a congruence relation.
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Definition 2. (Congruence relation) Given a first-order language L, a bi-
nary relation ~ between L-formulas is a congruence relation if (i) ~ is an equiv-
alence relation, (i) If 11 ~ ©1,...;n ~ ©pn then o(1,...;0n) ~ o(Q1,...; )
for every n-ary connective o of L, and (iii) If v ~ ¢ then Qzip ~ Qxyp for
Q € {v,3}.

2.1 A Taxonomy of First-Order LFIs

Let /.Zjl be a first-order language with the propositional connectives {A, vV, D} and
the quantifiers {V,3}. L is the language obtained from E;ﬁ by extending its set
of propositional connectives with the unary connective —. L¢ is the language
obtained from L by the addition of the unary connective o.

Definition 3. Let HCL™ be some propositional Hilbert-type system which has
Modus Ponens as the sole inference rule, and is sound and strongly complete
for the positive fragment of CPL (classical propositional logic). The first-order
system HCLJPCOL over [,:Tl is obtained from it by adding the following axioms
and inference rules:

(Ve) Vb — p{t/z}
(3e) p{t/z} — Foyp
(o =)
(o — V)

(¥ — ¢)

) ey - o)

(Jr)

where t is free for x in Y, and x € Fulp].

Remark: It can be shown that HCLJPCO ;, Is an axiomatization of the negation-
free fragment of classical first-order logic (in fact, a proof of this can be extracted
from the proof of theorem 24l below). It is also easy to see that the usual deduction
theorem of classical first-order logic (If ¢ is a sentence then 1 is derivable from
T U{e} iff ¢ — 9 is derivable from 7)) is true for any extension of HCL}.,, by
axiom schemata.

Definition 4. The system QBg is obtained from HCL;OL by adding the
schemata:

(t) ~pVe
(P) o D ((p A=) Do)

Remark: It is not difficult to provide semantics for QBg. However, in this paper
we concentrate on da Costa’s systems, which include the additional explicit ax-
iom (mentioned in the introduction) for capturing the principles of a-conversion
and of vacuous quantifiers. For this purpose we define the following congruence
relation between L-formulas:

Definition 5. (~%°) Given a first-order language L, ~%¢ is the minimal con-

gruence relation between L-formulas, which satisfies:
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— If p{z/z} ~p ¥'{z/y}, where z is a fresh variable, then Q1) ~% Qyy)’ for
Q € {v,3}.
— If o ~3e o)’ and = ¢ Fo[i], then Qaap ~4¢ 4 for Q € {V,3}.

In other words, ¢ ~9¢ 1’ if 1)’ can be obtained from 1 by renaming of bound
variables and deletion/addition of void quantifiers.

Definition 6. The system QB is obtained from QB by adding the axiom schema
¢ DY, where i ~F i)

Next we obtain a large family of first-order systems by adding different com-
binations of the following schemata, studied in the literature of LFIs (see, e.g.

[TOITTAS]).

Definition 7. Let Ax be the set consisting of the following schemata: [

(c) ¢ Dy

() »D -y

(W) o(=¢)

(i1) ~op Dy

(i2) —op D —p

(k1) cp Vo

(k2) opV -y

(a-) op D o(—yp)

(a3) (o Aoyp) D (o(ptyh)) for t € {A,V,D}
(04) (o9 V orp) D (o(ptih)) for § € {A,V,D}
(Vﬁ) 0(<Pﬁ¢) for ﬁ € {/\7\/7 D}

(aQ) YzopD (o(Qzyp)) for Q € {V,3}

(0@) FrowD (o(Qzyp)) for Q € {V,3}

(vQ) o(Qzy) for Q € {V,3}

For X C Ax, QBIX] is the system obtained by adding the schemata in X to QB.

The set Ax’ consists of the following schemata:

(1) =(p A=) Doy
(d) ~(=pAp) Doy
(b) (=(p A=) V(=9 Ap)) Doy

Fory € {(1),(d), (b)} and X C Az, QBy[X] is the system obtained from QBI[X]
by adding the schema y.

3 The schemata (c), (e) , (i1), (i2), (k1), (ko2), (a-), (az) and (o4) were treated
for the propositional case in [3] ((ki) and (k2) were called there (di) and (d2)).
The schemata (ag) and (o) were treated in [20] (for the three-valued case). The
schemata (w), (vy) and (vg) are treated in the context of Nmatrices for the first
time. It might have been more natural to refer to the schema (w) as (v-), but we
keep the name used in [g].
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Notation: We shall usually denote QB[X] (QBy[X]) by QBs (QBys), where s
is a string consisting of the names of the axioms in X. Thus we’ll write QBic
instead of QBI[{(i), (c)}] and QBlic instead of QB(1)[{(i), (c)}]. If both (x1)
and (x2) are in X for x € {i, k}, we abbreviate it by x. Also, if x, is in X for
every y € {D,A,V} and some x € {a,o0,v}, we shall write xp. Similarly, if x
is in X for every y € {V,3} and some x € {a, 0, v}, we shall write xq. For both
xp and xq we shall write x.

Remark: Denote by QC; the system QBlcia. If we take o) to be an abbre-
viation of =(¢ A =), then QC; becomes da Costa’s original system C; from
[1213). H Note that C; is over the language of {—,V, A, D, V, 3}.

2.2 Non-deterministic Matrices

nmatrices Our main semantic tool in what follows will be the following general-
ization of the concept of a multi-valued matrix given in [TI2I32T120].

Definition 8. (Non-deterministic matrix) A non-deterministic matrix
(Nmatriz) for a language L is a tuple M = (V, D, O), where: V is a non-empty
set of truth values, D (designated truth values) is a non-empty proper subset of
V and O includes the following interpretation functions:

— Spm 2 V" — PT(V) for every n-ary connective o.
— Qum : PT(V) — PT(V) for every quantifier Q.

Definition 9. (L-structure) Let M be an Nmatriz. An L-structure for M
is a pair S = (D,I) where D is a (non-empty) domain and I is a function
interpreting constants, function symbols, and predicate symbols of L, satisfying
the following conditions: I[c] € D if ¢ is a constant, I[f] : D™ — D if f is an
n-ary function, and I[p] : D™ — V if p is an n-ary predicate.

I is extended to interpret closed terms of L as follows:

If (s ta)] = AT, o T[]

Here a note on our treatment of quantification in the framework of Nmatrices
is in order. The standard approach to interpreting first-order formulas is by
using objectual (or referential) semantics, where the variable is thought of as
ranging over a set of objects from the domain (see. e.g. [I6/I7]). An alternative
approach is substitutional quantification ([I8]), where quantifiers are interpreted
substitutionally, i.e. a universal (an existential) quantification is true if and only
if every one (at least one) of its substitution instances is true (see. e.g. [T9/T4]).
[21] explains the motivation behind choosing the substitutional approach for the
framework of Nmatrices, and points out the problems of the objectual approach
in this context. The substitutional approach assumes that every element of the
domain has a closed term referring to it. Thus given a structure S = (D, I), we
extend the language L with individual constants, one for each element of D.

* The name Cf is used in [T0] for another, different, first-order paraconsistent system.
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Definition 10. ( L(D) ) Let S=(D,I) be an L-structure for an Nmatriz M.
L(D) is the language obtained from L by adding to it the set of individual con-
stants {a | a € D}. 8" = (D, I') is the L(D)-structure, such that I' is the
extension of I satisfying: I'[a] = a.

Given an L-structure S = (D, I'), we shall refer to the extended L(D)-structure
(D,I') as S and to I’ as I when the meaning is clear from the context.

Next we define the congruence relation ~°, which is the semantic counterpart
of the syntactic congruence relation ~%¢ (see Definition [).

Definition 11. (~°) Let S be an L-structure for an Nmatriz M. The relation
~% between terms of L(D) is defined inductively as follows:

—$NS$

— For closed terms t, ¥ of L(D): t ~° ¥ when I[t] = I[t].
— Ifty ~S ), .ty ~5 L, then f(ty, ..o tn) ~° f(#, ..., E,).

The relation ~° between formulas of L(D) is the minimal congruence relation,
satisfying:

—Ifty ~S )ty ~S by, oty ~S ), then p(ty, ..., t) ~ p(H], ..., L,).

— IfY{z/x} ~% ©{z/y}, where x,y are distinct variables and z is a new vari-
able, then Qx ~° Qyyp for Q € {V,3}.

— If ¢ ~% ¢ and x & Fvlp], then ¢ ~% Quep.

The proofs of the following two easy lemmas are left for the reader:

Lemma 12. Let S be an L-structure, and t1, ty closed terms of L(D), such that
t; ~% ty. Let y,1ps be L(D)-formulas, such that 1y ~% 1by. Then ¢y {t/x} ~°

ba{ta/x}.
Lemma 13. Let S = (D, I) be an L-structure.

1. Let A, B be two L-formulas. If A ~% B, then A ~° B.
2. Let A, B be two L-formulas such that I[t;] # I[t] for any two closed terms
t1 # to occurring in A and B respectively. Then A ~%¢ B iff A ~° B.

Remark: The difference between ~%¢ and ~9 is as follows:

1. ~% is a relation between formulas of L, while ~ is a relation between
formulas of L(D).

2. ~% is defined with respect to some structure S, while Nch is purely syntactic.

3. Unlike ~%¢, ~9 identifies two sentences ¢, such that v is obtained from
1) by substituting any number of closed terms for closed terms with the same
denotation in S. For instance, let S be an L-structure, such that I[d] = I[c|
for two constants d # c. Then p(c)#£%p(d), but p(c) ~° p(d). The motivation
for this is purely technical and is related to extending the language with the
set of individual constants {a | a € D}. Suppose we have a closed term t,
such that I[t] = a € D. But a also has an individual constant a referring to
it. We would like to be able to substitute t for a in every context, as will be
shown in the sequel.
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Definition 14. (S-valuation) Let S = (D, I) be an L-structure for an Nmatriz
M. An S-valuation v : FrmS — V is legal in M if it satisfies the following
conditions:

— v respects the ~° relation, i.e. v[yp] = v[y'] for every two L-sentences 1, v/,
such that ¥ ~° /.

— vlp(t, .., t)] = I[p][I[t1], -, L[E0]]-

— v[o(1, s )] € Sp[v[th], s v[hn]].

— v[Qz¢] € Qul{v[¢{a/z}] | a € D}].

Definition 15. Let S = (D, I) be an L-structure for an Nmatriz M.

1. An M-legal S-valuation v is a model of a formula ¥ in M, denoted by
S,v Em Y, if v[i'] € D for every closed instance ' of ¥ in L(D).

2. A formula v is M-valid in S if for every M-legal S-valuation v, S;v En .
¥ is M-valid if ¢ is M-valid in every L-structure for M.

3. The consequence relation g between sets of L-formulas and L-formulas is
defined as follows: I' Fxq ¥ if for every L-structure S and every M-legal
S-valuation v: S,v |Epm I implies that S,v Eam 1.

4. An Nmatriz M is sound for a proof system S if FsCkaq. M is complete
for S if FpChs. M is a characteristic Nmatriz for S if it is sound and
complete for S.

The following is an extension of Definition 2.9 and Theorem 2.10 from [3] to
first-order languages:

Definition 16. (Reduction, refinement) Let My = (V1, Dy, O01) and My =
(Va, Do, Os) be Nmatrices for L.

1. A reduction of My to My is a function F : V1 — Vo, such that:
— For every x € V1, x € Dy iff F(x) € Ds.
— F(y) € Spm,[F(x1), ..., F(xy,)] for every n-ary connective o of L and every
L1y Ty Y € V1, such that y € Sy, (21, ..., Tn].
- F(y) € QMm,[{F(2) | z € H}] for Q € {¥,3} and every y € Vi and
H C P (Vy), such that y € Q, [H].
2. My is a refinement of My if there exists a reduction of My to Ms.
3. My is a simple refinement of My if it is a refinement of Ma, Vi C Vs,
Dy = DaNV1, 64, [@] € Sp4, [ 7] for every n-ary connective o of L and every
T eV, and Qum, [H] € Qm,[H] for Q € {¥,3} and every H C PT(Vy).

Theorem 1. If M is a refinement of Ma, then Fa, Chag, -

Proof: a straightforward extension of the proof of theorem 2.10 from [3].

3 Effectiveness of First-Order Nmatrices

One of the most important properties of the semantic framework of Nmatrices
is its effectiveness, in the sense that for determining whether I - ¢ (where M
is an Nmatrix) it always suffices to check only partial valuations, defined only
on subformulas of I' U {¢}.
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Definition 17. Let S be an L-structure. A set of sentences Wg C FrmCL'(D) 15
closed under subformulas if it satisfies the following conditions:

— For every n-ary connective ¢: 1, ..., 1, € Wg whenever o(11, ...,¢,) € Wg.
— For Q € {V,3} and every a € D: ¢Y{a/x} € Wg whenever Qzi) € Wg.

Definition 18. Let S be an L-structure and M - an Nmatrixz for L. Let Wg C
FrmCL'(D) be a set closed under subformulas. A partial M-legal S-valuation on
Wy is a function v: Wg — V, satisfying:

— ap ~S ! implies v[ib] = v[Y'] for every ¥, € Wg.

—v[p(ts, ..., )] = I[p]I[t], ..., I[t]] whenever p(ty,....t,) € Ws.
= v[o(h1, s Yn)] € S[Y1], ..., v[thy]] whenever (11, ..., ¢n) € Ws.
— v[Qzy] € Q[{v[v{a/x}] | a € D}] whenever Qxyp € Ws.

Definition 19. An Nmatriz M for L is effective if for every L-structure S and
every set of L(D)-sentences Wg which is closed under subformulas: if v, is a
partial M-legal S-valuation on Wg, then it can be extended to a full M-legal
S-valuation.

For the propositional case, the proof of effectiveness of an Nmatrix M is very
simple (see proposition 2 in [2]). However, in the first-order case effectiveness
becomes less evident because any M-legal S-valuation has to respect the ~*
relation. In fact, given an Nmatrix M for L and a partial M-legal S-valuation
vp on some set Wy C FrmcL' py closed under subformulas, it is not necessarily
guaranteed that v, can be extended to a full S-valuation legal in M. Consider,
for instance, a first-order language L with a constant ¢ and a unary predicate p.
Let M = ({¢t, f},{t},O) be an Nmatrix for L with the following non-standard
interpretation of V: V[H] = {t} for every H C P*({t, f}). Let S = ({a}, I) be the
L-structure in which I[c] = a and Ip][a] = f. Let W = {p(c)} (obviously, W is
closed under subformulas). Then no partial valuation on W can be extended to a
full M-legal valuation v, respecting both the ~* relation and the interpretation
of ¥, because such v should assign f to p(c) and t to Yap(c), while Vap(c) ~ p(c).
Thus in order to be effective, an Nmatrix has to satisfy a certain condition:

Definition 20. An Nmatriz M for L is suitable for ~9¢ if for every a € V and
every quantifier Q of L: a € Q[{a}].

For instance, an Nmatrix M’ = (V', D', O’) with the following natural interpre-
tations of V and 3 is suitable for ~¢°:
~ D’ if HCD =~ D’ if HND'
i) = A A
V' — D' otherwise V' — D' otherwise

Proposition 21. Any Nmatriz M = (V,D,0) for L which is suitable for ~$°,
18 effective.

Proof: Let S be an L-structure and let Wy be a set of L(D)-sentences, closed
under subformulas. Let v, be some partial S-valuation on Wg which is M-legal.
We show that it can be extended to a full S-valuation v which is legal in M.
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For every m-ary connective ¢ of L and every ai,...,a, € V, choose a truth-
value b$ € 3lai,...,a,]. For Q € {V¥,3} of L and every B C P*(V), choose

a truth-value bg S Q[B], so that for every a € V: b?a} = a (this is possible,
since M is suitable for ~%°).
Denote by H._s the set of all equivalence classes of FrmcL'( D) under ~°. Denote

by [¢¥] the equivalence class of 1. Define the function x : H.s — V as follows:
xXllp(b1, .o 60)]] = Ilp][I[ta], ..., I[tn]]

_ ’UP[QO} p e [[O(wla ey ¢n)ﬂ N WS
llo(@t, oo )l {bimwlm,_.,xw o felin el

[¢] ¢ € [Qzy] N Ws
[Qzy]) = {
e b?x[nw{a/x}m lacpy [QElNWs =0

Note that because v, is M-legal, the value of v,[¢] in the above definition does
not depend on the choice of ¢ (among those satisfying the relevant condition).
Hence y is well-defined. Next define

The proof that v is M-legal is not difficult and is left to the reader. Obviously,
v is an extension of v,,. O

4 Non-deterministic Semantics for First-Order LFIs

4.1 Finite Non-deterministic Semantics

In this section we provide five-valued (or less) non-deterministic semantics for
first-order LFIs obtained from the basic system QB by adding various combina-
tions of schemata from Az (not including the schemata (1), (b) and (d). We deal
with systems including these schemata in the next subsection). The semantics pre-
sented below is an extension to first-order languages of the semantics from [3].

The system QB treats the connectives A, V,D and the quantifiers V,3 sim-
ilarly to classical logic. The treatment of o and — is different: intuitively, the
truth/falsity of =) or o1 is not completely determined by the truth/falsity of
1. More data is needed for it. The central idea is to include all the relevant data
concerning a sentence v in the truth-value from V which is assigned to . In our
case the relevant data beyond the truth/falsity of ¢ is the truth/falsity of —
and of otp. This leads to the use of elements from {0,1}* as truth-values, where
the intended meaning of assigning (x,y, z) to ¢ is as follows:

— x =1iff ¢ is true
— y=1iff =9 is true
— z=1Iiff oy is true
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However, the axioms (t) and (b) rule out some of the truth-values. By (t), at
least one of the sentences 1, - should be true, thus ruling out (0,0,1) and

(0,0,0). Similarly, (b) rules out (1,1,1). We are left with the following five
truth-values:

—t= <1,0,1>
-ty = <1,0,0>
- I={(1,1,0)
— [=(0,1,1)
- fI:< 71’0>

Note that since the first component of a truth-value assigned to a formula should
indicate whether that formula is true, the designated truth-values should be those
whose first component is 1. Thus we are led to the following definition (which is
an extension to first-order languages of Definition 3.1 from [3]):

Definition 22. The Nmatrix QM5 = (V,D,O) for L¢ is defined as follows:

- V= {t,t[,]7f7 fI}; D = {t,t[,]}.
— Let F =V —D. The operations in O are defined as follows:

~, | D ifeitheracDorbeD,
“Vb_{f ifabe F
Sp— D if eitherac F orbeD
@VZVF ifaeDandbe F
~ | F ifeitheracF orbe F
“Ab_{p ifa,beD
S F ifae{ttr} Sa— D ifae it f}
D ifaed{f fr.1} F ifaed{ts fr,1}
~ D ifHCD =~ D i HND
ViH] = if < SH) = if ﬂ. £
F  otherwise F  otherwise

Note that the non-deterministic truth tables in QMs5 corresponding to the op-
erations — and o are:

= f f1 I t t1
{Ivtutf} {Iﬂtvtf} {Ivtutf} {fvf[} {fvf[}
° f f I t tx

{tvIatI} {fafl} {f7ff} {t717t1} {f7ff}
Lemma 23. (Effectiveness of OQM;5) OMs; is effective.

Proof: This follows from the suitability of QM for ~%¢, and proposition ZII

The following theorem is a generalization of theorem 3 of [20].
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Theorem 24. (Soundness and completeness) Let I'U{¢o} be a set of Lc-
formulas. I' =qB Yo iff I' Fomy Yo-

The proof of soundness is not hard and is left to the reader.

For completeness, we first note that by definition of the interpretation of V in
OMs, Vo Fom, ¢ and ¢ Foa, Yoy for every formula ¢ and every variable x.
Obviously the same relations hold between ¢ and Vay in HCLL,;, and so in
FqB. It follows that we may assume that all formulas in I"U{t) } are sentences. It
is also easy to see that we may restrict ourselves to L., the subset of L consisting
of all the constants, function, and predicate symbols occurring in I"U{y}. Now
suppose that I' f-qBto. We will construct an Lg-structure S and an QM ;-legal
S-valuation v, such that S,v [, I, but S, vjEg . Let L' be the language
obtained from L, by adding a countably infinite set of new constants. It is a
standard matter to show (using a usual Henkin-type construction) that I" can
be extended to a maximal set I'* of sentences in L', such that:

— I'"/qBo-

—rrcr~.

— For every L’-sentence Jaxtp € I'* there is a constant ¢ of L', such that
{c/z} € I'*.

— For every L’-sentence Va1 ¢ I'*, there is a constant ¢ of L', such that

lc/x} g T

(The last property follows from property 3, the deduction theorem for QB,
and the fact that for any & Fulg], (Vv D ¢) D Jx(¢p D ) is provable
in the positive fragment of first-order classical logic, and so also in QB). It
is now straightforward to show that ' has the following properties for every
L'-sentences v, ¢, and Vx0:

If o & I'*, then ¢ D 1y € I'*.

YV e '™ iff either p € I'™ or ¢p € ™.

YA e '™ iff both o € I' and ¢ € T'*.

@ Dy e I'™ iff either ¢ & I'™ or ¢ € I'™.

FEither ¢ € I' or —p € I'*.

If ¢ and —1) are both in I'*, then oy & I'*.

If ¢» € I'*, then for every L’-sentence v’ such that

,(/)/ N%C w: w/ c I'*.

8. If Yx6 € I'*, then for every closed L’-term t: 6{t/z} € I'*. If Yx6 ¢ I'*, then
there is some closed term tg of L, such that 0{te/z} & I'*.

9. If 3z6 € I'*, then there is some closed term tg of L, such that 0{ty/x} € I"*.

If 320 ¢ I'*, then for every closed term t of L': 0{t/x} & I'*.

RN S o e

The L'-structure S = (D, I) is defined as follows:

— D is the set of all the closed terms of L.

For every constant ¢ of L: I[c] = c.

— For every ty,...,t, € D: I[f][t1,....tn] = f(t1, ..., t,).

For every t1,...,t, € D: I[p][t1, ..., t,] = (z,y, 2), where x,y, z € {0,1} and:
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o x=1iff p(ty,....t,) € '™,
o y=1iff -p(ty,...,t,) € '
o z=1iff op(ty,....,t,) € ['".

Lemma 25. I*[t] = t for every t € D.

Proof: by induction on the structure of t.

Note that in the extended language L'(D) we now have an individual constant
t for every term t € D. For any L'-term t, define t as follows:

T s if t = s for some s € D
t otherwise

Given an L'(D)-sentence v, define the sentence 1 inductively as follows:

= P(b1 s bn) = Mﬂwwﬁl
- <><¢17~ 7'(/]%) _<><¢17' 7¢n)
— Quy = Qui

In other words, J is obtained by replacing all individual constants t occurring
in ¢ by the respective (closed) term t.

Lemma 26. 1. For any L'(D)-sentence 1, w:zs {/;
2. For any ), ¢ € FrmcL',(D): if  ~5 ¢, then ¢ ~3¢ ¢

3. For every L'(D)-sentence v and every t € D: wft\/;} = {t/x}.

Proof: The proofs of part 1 and 3 are straightforward. Part 2 follows from
Lemma [[3}2 and Lemma
Next we define the refuting S-valuation v : FrmCL',(D) — V as follows:

] = (T, Yy, 2y)
where zy, yy, 2y € {0,1} and:

—xy=1iff eI
— yy = 1iff ~p e ™.
—zyp=1liffoyp € I'".

Let 4,7’ be two L'(D)-sentences, such that ¢ ~% ¢/, Then by lemma IZEZ
w ~de w’ and by property 7 of I'*, 1/) e I iff 1/)’ e, Slmllarly, since —wjz ~3
~¢' and ogp ~5 o, (~ih =)) ~I¢ /(= ) and o) ~€ oy, Thus ~) € I'*
iff ﬂw’ € I'* and o¢ e I'* iff ow’ € I'*. Hence v[¢)] = v[¢)'] and so v respects the
9 relation.
It remains to check that v respects the interpretations of the connectives and

quantifiers in QMs5. This is guaranteed by the properties of I™*. We prove this
for the cases of o and V:
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— Let v[¢] € {t, f}. Then ot € I'* and so v[otp] € D. Similarly for the case of
v[y] € {tr, f1,1}.

— Let Va1t be an L'(D)-sentence, such that {v[y{a/z}] | a € D} C D. Suppose
by contradiction that v[Vziy)] & D. Then m = Vzop & I'*. By property 8
of I'*, there exists some closed L'-term t, such that ¢{t/z} ¢ I'*. Then
o[ip{t/z}] & D. Since 1 ~5 i, Y{t/z} ~5 {t/z} by lemma [2 We have
already shown that v respects the ~° relation, and so v[¢{t/z}] € D. By
lemma[[Zagain, y{t/x} ~° {t/z}, and so v[1){t/z}] & D. A contradiction.

— Let Vat) be an L'(D)-sentence, such that {v[){a/z}] | a € D} N F # 0.
Suppose by contradiction that v[Vzi)] € F. Then V:m;/; € I'*. By property
8 of I'*, for every closed L'-term t: ¢){t/x} € I'*. Then v[){t/z}] € D.
Similarly to the previous case, we get that v[¢){a/z}] € D for every a € D,
in contradiction to our assumption.

Now for every L’-sentence v: v[t)] € D iff ¢ € I'*. So S,v Egm, I’ (recall that
I C I'*), but S, v o, to. O

Next we turn to the semantics of the systems obtained from the basic system QB
by adding various combinations of the schemata from Az. As explained in the
introduction, the main idea is modularity: each schema induces some semantic
condition, leading to a certain refinement of the basic Nmatrix QM.

Definition 27. The refining conditions induced by the schemata from Az are:

Cond(c) :ifxz € {f, fr} then =z C {t,t;}
Cond(e) : =I ={I}

Cond(w) : =z C {t, f}

Cond(iy) : fr should be deleted, and of C {t,tr}
Cond(iz) :t; should be deleted, and &t = {t}
Cond(k;) : fr should be deleted.

Cond(ks) :t; should be deleted.

Cond(a-) : =t = {f} and =f = {t}

Cond(ay) :ifa,be {t, f}, then afib C {t, f}
Cond(oy) :ifa € {t,f} orbe {t,f}, then afb C {t, f}
Cond(vy) : xfy C {t, f} for every x,y € V.
Cond(ag) : for every H C {t, f}, Q[H] C {t, f}
Cond(ogq) :if HN{t, f} #0 then Q[H] C {t, f}
Cond(vg) : Q[H] C {t, f} for every H C V.

Definition 28. For X C Az, let QM5(X) be the weakest simple refinement
(see Definition [I8) of QMs, in which the conditions of the schemata from X
are satisfied. In other words, QMs5(X) = (Vx,Dx, Ox), where:

— If both (e) and (w) are in X, then I is deleted.
— Vx is the set of values from {t, f,tr, fr, I} which are not deleted either by a

combination of both (€) and (w), or by any condition of a schema from X.
— Dx =VxnN {t,t171}.
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— For any connective o and any ax, ..., an € Vx, Soams(x) assigns to @ the set
of all truth-values in Sgm, which are not forbidden by any condition of a
schema from X.

— For Q € {V,3} and any H C P*(Vx), QQMs(X) assigns to @ the set of all
truth-values in QQMS which are not forbidden by any condition of a schema
from X.

Notation: We write QMss instead of QM;5(X), where s is the string of all the
names of the schemata from X.

Remarks:

1. Assume that X C Az, and that either (w) ¢ X or (e) ¢ X. It is not difficult
to see that in this case {t, f,I} C Vx, {t,I} C Dx, and both dg,x)[@]
and QQ Ms(x)[H] are not empty (where ¢ is an n-ary connective, a e Vy,
Q € {V,3}, and H C P"(Vx)). The case when both (w) and (e) are in X
is different, since these conditions are not coherent in the presence of I. It
is easy to see that in this case X is equivalent to classical logic (and so it
is not paraconsistent). An adequate semantics for it can be obtained simply
by deleting I. Alternatively, one may delete all truth values except ¢t and f.

2. Note the following dependencies between the conditions:

(a) (kj) follows from (i;) for j € {1,2}.

(b) (c) follows from (a-) and (ki) (taken together).
(¢) (a-) follows from (c), (k1) and (ko) (taken together), and from (w).
(d) (ax) follows from (0x) and (0x) follows from (vx) for x € {V,A,D,V,3}.

Examples:

1. The non-deterministic truth table for — in OMj;c is:

- f fI I t tI
{tvtl} {t’tf} {I’tvtl} {f7ff} {fafl}

2. The only truth-values which are retained in QMsci are ¢, f, and I. The non-
deterministic truth tables in this Nmatrix corresponding to the operations
-, 0, V, and 3 are :

Sf Tt Sf It
Ay L {f}

H V[H] 3[H]
{t} {1} {t, 1}
{rr A i

{ry A{t, 1} {t, 1}
{t./1 {3 {61}
{t, I} {t,I}{t,I}
{r.1y {5y {t. 1}
{t. /., 1} {5} {t, 1}
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3. In QM;cio the tables for V, 3 change to:

H  V[H] 3[H]
{ty  {ty {t}
{4 {3

{ry At 1} {t, 1}
{t./y {ry {#
{t. 1} {t} {t}
{r. 0y {ry {t}

{t.5. 1y {ry {t}

4. In QMjcia the tables for V, 3 change to:

H  V[H] 3[H]
{ty  {ty {t}
{4 A

{y At 1} {t, 1}
{t./1 {fr {&
{t. 1} {t, 1} {t, 1}
{r.1y {ry {t.1}
{t. £, 1} {1} {t. 1}

5. The truth table for A in QMsv becomes fully deterministic:

Af fi I t tg
£{HAASASAS
SIS
L{fH{ry {& {t {&
t {FH A {t) {t}
to (Y {e { {8}

Theorem 29. (Soundness and completeness) Let X C Ax. Let I' U {10}
be a set of Lo-formulas. I' Fgx) o iff I' Foasx) Yo-

Proof: a straightforward modification of the proof of theorem 241 We only have
to check that the conditions imposed by the schemata in X are respected by the
valuation v defined in the proof. We prove this for (ag) and (og):

— Suppose that (ag) € X. Then from the definition of I'* it follows that
that Vzoy ¢ I'™ in case oQu) & I'*. Let Qu1p be an L'(D)-sentence, such
that Hy = {v[Y{a/z}] | a € D} C {¢, f}. Suppose by contradiction that
v[Quy] & {t, f}. Then oQuyp = oQu(v) & I and so Vao(}) = Va(oy) ¢
I'*. By property 8 of I'*, there exists some closed term t of L', such that
(op){t/z} ¢ I'*. By lemma 263, (o9p){t/z} = (o(¢p{t/x})). By definition
of v, v[p{t/x}] & {t, f}. By lemma[lZ {t/z} ~% ¢{t/x}. Since v respects
the ~“ relation (this is proved like in theorem B4, v[){t/x}] & {t, f}, in
contradiction to our assumption about Hy.
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— Suppose that (0g) € X. Then Jzoyp ¢ I'* in case oQap & I'*. Let Qxp be an
L' (D)-sentence, such that Hy,N{t, f} # 0, where Hy, = {v[¢{a/z}] | a € D}.

—~— ~

Suppose by contradiction that v[Qz] & {t, f}. Then (cQuv)) = oQux(v)) &

I'* and so Jzo(v) = z(oyp) & I'*. By property 9 of I'*, for every closed
term t of L/, gvj[}{t/m} ¢ I'*. By lemma 2613, (JZJ){t/m} = (o(¢{t/z})). By
definition of v, v[y){t/z}] & {t, f}. By lemma [[Z ¢{t/z} ~% ¢p{t/x}. Since
again v respects the ~* relation, v[y){t/z}] & {t, f} for every t € D, in
contradiction to our assumption.

Lemma 30. (Effectiveness of OM;5(X)) For every X C Az, OM5(X) is
effective.

Proof: This follows from proposition 211

4.2 Infinite Non-deterministic Semantics

We turn now to the extensions of the systems handled in the previous section
by the schemata (1),(d) and (b) (see Definition [7). It is easy to see that any
of these schemata entails in QB both (k;) and (kz2). Recall that the semantic
effect of the latter two axioms is to delete t; and f; from the basic Nmatrix
OMs5. Thus the infinite Nmatrices provided in this section are all refinements
(see Definition [T@)) of the three-valued Nmatrix M;k.

To provide some informal intuition about the infinite semantics, note that
what all of the above schemata have in common is a conjunction of a formula
with its negation. Consider for instance the schema (1) =(¢ A =p) D op. Its
validity is guaranteed only if v[—(p A —p)] € D whenever v]op] & D. Informally,
to ensure this, we need to be able to isolate a conjunction of an “inconsistent”
formula ¢ with its own negation from conjunctions of ¥ with other formulas.
This can be done by enforcing an intimate connection between the truth-value
of an “inconsistent” formula and the truth-value of its negation. This, in turn,
requires a supply of infinitely many truth-values.

The following definition is a generalization of Definition 8 in [2]:

Definition 31. Let 7 = {t/ | i > 0,7 >0}, T ={I/ |i > 0,5 >0}, F = {f}.
Define the following Nmatrices for the language Lo

QM;l: This is the Nmatrix (V, D, O) where:
1. V=TUZIUF
2. D=TUT
3. O is defined by:

T — D if eitheraeDorbe D,
WOZ\F ifaberF

Sp— D ifeitheraec ForbeD
GV=AF faeDandbe F
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F ifaeT
Sa=+<{D _ 4 ifa e .7:_
(T8 ifa=1)
g[H} _)D itHCD
| F  otherwise
3] = D f HND#0
| F  otherwise

S, — D iface FUT
YTV F ifaeT

F ifeither_aeforbef 4
aAb=<{ T ifa=1TI andbe {I/7' T}
D otherwise

OMd: This is defined like QM3l, except that A is defined as follows:

F ifeitherlaeforbel}" 4
afb=1< T ifb=1I) and a € {I/T" #/*"}
D otherwise

QM3b: This is defined like QM3l, except that A is defined as follows:

F if either_a cForb € F 4 _ _ 4
afb=<{ T (ifa=I andbe {7 /7)) or (b=1) and a € {I/*',£1T})
D otherwise

Theorem 32. (Soundness and completeness) Let I'U{¢o} be a set of Lc-
formulas. For y € {1,d,b}, I FqBy Yo iff I' Forsy Yo-

Proof: We do the proof for the case of QBIL. The proofs in the other two cases
are similar.
Soundness: Define the function F: 7T UZUF — {t,1, f} as follows:

f xeF
Fz)=<t ze€T
I ze€1

It is easy to see that I’ is a reduction of QMs3l to QMsk, and so QM3l is
a refinement of QM;sk. By theorem [ FoarkCHoa. To prove soundness,
it remains to show that (1) is QMsl-valid. Let S be an L-structure and v an
QMsl-legal S-valuation, such that v[oy] € F. Then v[yp)] = I} for some i,j.
Hence v[-)] € {I;HJ;H} and so v[Yp A —p] € T and v[~(yp A )] € F.
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Completeness: Assume that IT' /qB1 0. Again we may assume that all ele-
ments of I" U1y are sentences. Like in the proof of theorem 4] we proceed with
a Henkin construction to get a maximal theory I'*, such that I'* /qB1 ¥ over
the extended language L', and I'* satisfies the properties from the proof of theo-
rem 24l Let D be the set of all the closed terms of L', and let CI be the set of all
the equivalence classes of L'(D)-sentences under ~. For every £ € CI, choose
the minimal representative of £, Min(E), to be a sentence with the least num-
ber of quantifiers of all the sentences in €. (For instance, the sentences Vap(c)
and p(c) are in the same equivalence class, but Min(E) # Vap(c) since p(c) has
less quantifiers). Let Ai.cy; be an enumeration of all the equivalence classes of
Lc(D)-sentences under ~°, such that their minimal representatives do not begin
with — (for instance, the minimal representative of [Vz—p(c)] begins with —).
It is easy to see that for any equivalence class [¢], there are unique npyy, kg
such that for every A € [¢], A = -y, ¢ for some ¢ € Qngyp where —;0 is a
sentence obtained from 6 by adding k preceding negation symbols and any num-
ber of preceding void quantifiers (Note that for any atomic sentence p(t1, ..., ty ),
E([p(t1,...,tn)]) = 0). An L'-structure S = (D, I), and an L'(D) valuation v in
OM3l are now defined as follows (where 1; is defined as in the proof of Lemma

23):

— For every constant ¢ of L": I[c] = c.
— For every t1,....,t, € D: I[f][t1, ..., tn] = f(t1,...,tp).
— For every ti,...,t, € D:

f p(t1, ..., t,) & I
I[pltr, o tn] = bngip(er, .ty P(b1s s tn) T
o(Dp(tr, o)) P(b1 i tn) € T p(ty, oy ty) € T

f ¢ I

of] = tﬁ%%hi%ﬂi () &I
iy Vel Cwer

It is easy to see that v is well-defined. Obviously, v[¢)] € D for every ¢ € I'*,
while v[1)p] = f. It remains to show that v is QMsl-legal.

Let A, B be L'(D)-formulas such that A ~° B. Then npa] = nps) and
kpap = kgpp- Also, A ~% =B, and by Lemma 2G}-2 A~ de B and A ~ de -B.
Byproperty?off*,AEF* iff B eI and ~A € I'* nof—'BEF*.Thusby
definition of v, v[A] = v[B] and so v respects the ~* relation.

The proof that v respects the operations corresponding to V, D, V and 3 is
like in the proof of Theorem 24 We consider next the cases of o, = and A:

o: That v[oy)] = f in case v[¢)] € T is shown as in the proof of Theorem
Assume next that v[1)] € 7 U F. Then either ¢ & I'*, or & I*. 1 follows

that ¢ A —p & '™, and so —|(¢ A —n/)) € I'*. Hence oz/) € I'* by (1), and so
v[oy] € D.
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—: The proofs that v[¢)] = f implies v[)] € D and that v[y)] € T implies

v[-1] = f are like in the proof of Theorem B4 Assume next that v[i)] = IF.
Then both 7:2; and :7,/[1 are in I'*, and ¥ = —p where ¢ € . Thus ¢ =
k41 for v € ay, and so nj—y) = n, k-y) =k + 1. It follows by definition
of v that v[—)] is either I¥*! or t**! (depending whether ——) is in I"* or
not).

A: The proofs that if v[i)1] = f or v[ths] = f then v[Yyy A 1] = f, and that

v[th1 A1bs] € D otherwise, are like in the proof of Theorgmlﬂ Assume next
that v[qpl]/f/ljj and v[ie] € {IF+1 tF+1} Then both 11 and ), are in I'*,
and so ¢y A € I'. Also, 1 = —kp1, Yo = “kp1p2 for o1, 90 € . Tt
follows that ¢ ~ S —apy and Py Ay ~5 -~ Y1\ By lemma 252, zpl A g~

1/)1 A= By property 7 of I'*, 77[11 A=y € I') and so w1,ﬁz/)1 e I'*. This

entails that o¢1 ¢ I'*. Hence schema (1) implies that —|(¢1 —h) & I'*.
Hence v[yr Apo] € T.

Obviously, v[¢] € D for every ¢ € I', while v[tpg] = f. Hence I' o1 0. O

Definition 33. For X C Az, OM;3l(X) is obtained from QMsl through the
following modifications:

B o o =

L X NS¢

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

If(i1)e X: a€F=5%a)=T

If (is)e X: a€T7=59(a)=T

If (c)eX or (a-)eX: =f=T

If both (e) and (w) are in X, delete all the truth-values in I. Otherwise, if
(e)eX: =) ={I"). If(w)eX: aeF==a=T and S0 = {t%}
If(a))e X: aceT andbeT = alb=T

If(ay)e X: a€T,bgZorbeT,a¢l=aVb=T

If(as)e X: a€F,bgTorbeT,a¢dl=adb=T

If (oA)e X: a€T orbeT anda,be D= arb="T

If(oy)e X: a€TorbeT =aVb=T

If (05)e X: a€ForbeT =adb=T

If (va)EX: a,beTUZ=alb=T

If (vw)eX: ag¢ForbgdF=aVb=T

If(v5)eX: a€ForbeTUL=adb=T

If(ay)eX: HCT=QH|=T ~

If (a3)eX: HCTUF and HNT #0 = Q[H] =

If (ov)eX: HNT #0and HCD=V[H]=T

If (09)eX: HNT #0=QF] =

If(vw)eX: HCTUI=VH =T

If (va)eX: (HN(TUI)#0=3H| =T

The Nmatrices QMsd(X) and QMsb(X) are defined similarly.

Remark: it is easy to see that for any X C Az and y € {(1),(d), (b)}, the
set of conditions in X is coherent, the interpretations of the connectives and
the quantifiers of QMsy(X) never return empty sets and so QMsy(X) is well-
defined.
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Theorem 34. (Soundness and completeness) Let I'U{¢o} be a set of Lc-
formulas. Let X C Az and y € {1,d,b}. Then I' Fqpyx] %o iff I' Formayx) Yo-

Proof: It is easy to show that QMsy(X) is a (simple) refinement of QM;3(X)
and so by theorem [ Fgaq,(x) CFoa,y(x)- It is also easy to check that for any
schema in X, the relevant condition guarantees its validity in QMsy(X), and
so soundness follows. The proof of completeness is a straightforward extension
of the proof of theorem

Corollary 35. Let I' U1 be a set of Lo-formulas, in which o does not occur.
Then I }_QBlca P Zﬁf‘ I_QBlcia ).

Proof: It can be easily checked that the only difference between the Nmatrices
OM;slcia and O Mslca is in their interpretation of o.

Corollary 36. Let the Nmatric QM3CY for L be obtained from the Nma-
triz QMslcia for Lo (or QMslea) by discarding the interpretation of o. Then
OMsCY is a characteristic Nmatrix for C.

Proof: similar to the proof of theorem B4l (Another alternative is to use a
translation of C} to QBlcia, similar to the translation of the proof of theorem
107 of [I1] for the propositional case.)

Remark: da Costa’s C] is usually considered to be the o-free analogue of the
propositional fragment of QBlcia (called Cila in [8III]). However, from the
above corollaries it follows that it is equally justified to identify it with Cla, the
propositional fragment of QBlca. A similar observation applies to Cf.

Lemma 37. (Effectiveness) For every X C Az and every y € {(1),(d), (b)},
OM3y(X) is effective.

Proof: This follows from proposition[ZI] and the suitability of Q M3y (X) for ~4°.

5 Logical Indistinguishability in First-Order LFIs

In this section we apply the framework of Nmatrices and in particular their
effectiveness to prove a very important proof-theoretical property of the first-
order LFIs investigated here.

Definition 38. Let S be a system which includes positive classical logic. Two
sentences A and B are logically indistinguishable in S if ¢(A) ks ¢(B) and
©(B) ks @(A) for every sentence p(1) in the language of S.

Theorem 39. Let S be a system over a first-order language L which includes
{=, D}, and assume that A g B whenever A ~% B. If one of the following
holds, then two sentences A, B are logically indistinguishable in S iff A ~% B:

1. QBbciapwvq is an extension of S.
2. QBbciajevq is an extension of S.
3. QBbive is an extension of S
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Proof: For all the parts one direction is trivial: assume that A ~% B. Then
since ~4¢ is a congruence relation, ¥(A) ~%¢ ¢(B) for every ¥ and so A, B are
logically indistinguishable by our assumption about S.

For the converse, let A, B be two sentences, such that A%dLCB.

For the first and the second parts, let ¢ be an atomic propositional sentenceﬁ,
such that ¢ does not occur in A or B. Let S = (D, I) be some L-structure,
such that I[g] = IJ, and for every two closed terms t; # t2 occurring in A
and B respectively, I[t1] # I[t2]. Let Wg be the minimal set of L(D)-sentences
closed under subformulas, such that A, B,q € Wg. Let v be some partial S-
valuation on W, satisfying: v[g] = I3, v[g D (B D B)] = 1§, v[o(¢ D (B D
B))] = f,v[g D (A D A)] =15, and v[o(qg D (A D A))] = 3 (such v exists,
since both v[A D A] and v[B D B] are in D, and by lemma[I3] ¢ D (A4 D
A)pdeqgo> (B B)iff ¢ D (A D A% ¢D (B D B)). It is easy to check that
v is legal in QMsbciapwvg and in OQMsbciapevg. By lemma B it follows
that o(¢ D (A D A)) t/s o(¢ D (B D B)). Hence A and B are not logically
indistinguishable in S.

For the third part, assume without a loss in generality that A O A is not a
subformula of B D B. Let S = (D, I) be an L-structure, such that for every two
closed terms t1 # to occurring in A and B respectively, I[t1] # I[t2]. Let Wg be
the minimal set of L(D)-sentences closed under subformulas, such that =—=—(B D
B) € Ws. Let v be some partial S-valuation on W, satisfying: v[B D B] = #J,
v[~(B D B)] = f, v[-—(B D> B)] = 1§, v[-+-~(B D B)] = I}. Extend v to a
partial valuation defined also on the subformulas of =——(A D A), which satisfies:
v[A D Al =), v[-(A D A)] = f, v[-—=(A D A)] =13, v(———(4A D A)) = f.
Again this is possible since by lemma It is easy to see that v is legal in
OMsbive. By lemma 1 it follows that -——(B D B) /s =——(A4 D A). Hence
A and B are not logically indistinguishable in S. O

Remarks:

1. This theorem extends similar theorems from [2] and [20]. In [2] it is proved for
propositional systems weaker than the propositional fragments of QBbciape
and QBbiope. In [20] a similar theorem for the first-order case is proved for
systems weaker than QBbciape. This theorem extends these results in the
following aspects:

— Covering first-order systems stronger than QBbcia, and weaker than
QBbciapwvq.

— Covering first-order systems stronger than QBbciaye and weaker than
QBbciajevq.

— Extending to the first-order case the propositional results of [2] for sys-
tems weaker than QBbioge and generalizing them to systems weaker
than QBbive.

5 For simplicity we assume that we have propositional sentences in L, but it is not
difficult to replace ¢ by a suitable first-order sentence.
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Extensions of QBcio do not have the property described above. In fact,
it can be shown that o(A D A) and o(B D B) are logically indistinguish-
able in QBcio for any two sentences A and B (it is shown in [I1] for the
propositional case).

Extensions of QBiew also do not have the above property. In fact, it is easy
to see that QBiew collapses into classical logic, where any two equivalent
formulas are logically indistinguishable.
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Abstract. In this note we provide a straightforward translation C;} ()
for sets of formulas T and Hp(3zA(z)) for existential formulas 3z A(z)
s.t. C)(T) = Hr(3zA(x)) expresses “IrA(x) is derivable constructively
from T iff it is derivable at all”.

1 Preliminaries

The strength of mathematical logic lies often in its ability to express metamathe-
matical statements on a mathematical level. In this note we deal with conditional
constructive provability, i.e. with statements “if JzA(z) is provable at all from
T then it is constructively provable”. In addition, the signature of the witness
can be specified arbitrarily.

The idea is to add a variable position x to every atomic formula, let B*(x) be
the transform of B and let A*(y, z) be the transform of JyA(y) after deletion of
the outermost existential quantifier. Let T* be the V-closure of { B*(z) | B in T'}.
Then T* - JaVy(A*(y, ) D A*(z,x)) expresses the desired statement.

The reasons to express constructive provability and conditional constructive
provability using a translation within classical logic are mainly the following:

— It is not possible to characterize classical constructive provability by a so-
called constructive logic £ weaker than classical logic: There will be always
T and JxA(z), such that T JxA(z) non constructively in £ but T+ A(t)
for some ¢ in classical logic

— Usual classical models can be used to study classical non-provability in the
constructive sense in the presence of provability.

— “JxA(z) is constructively provable” can be used as assumption/axiom with-
out extending the framework of classical logic, in case of conditional con-
structive provability as meaningful assumption/axiom for all extensions of a
given theory.

r r
2 cl/c!
Let - denote classical deduction and let clz(A) (cly(A)) be the existential (uni-
versal) closure of A.
T =((QV-Q) > P(0) A (P(0) VvV P(1)) and 3zP(z) provide an example for any

intermediate first-order logic L.

S. Aguzzoli et al.(Eds.): Algebraic and Proof-theoretic Aspects, LNAI 4460, pp. 25-23] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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Let T be a theory, I" be assigned to A = JyA’(y), and assume that all bound
variables are different to =/
Define

¥7.(z) =z (2 a bound or free variable)

Yr(c) = c*(x)

(c constant, ¢ ¢ I', ¢* is a new function symbol of arity 1)
Yi(c) =c¢ (c constant,c € I')

wilv“(f(tlv B tT)) = f*(wglt“(tl)a R ¢%“(t7“)a .73)

(f ¢ I, f* a new function symbol of arity r + 1)
PRt t)) = FWrt), - OrE)  (Fel)
YE(P(v1, .. yon)) = P*(0%(v1), ..., YE(vn), @)

(P* a new predicate symbol of arity n + 1)

PE(=A) = —0E(A)
YE(AV B) = UE(A) vV UE(B)
YE(A N B) = 95 (A) A E(B)
YE(A D B) = ¢3(A) D ¢3(B)
YE(3yA) = Fyvi(A)

YE(VyA) = Vyu(A).

Cl(T) = {cly(VE(B)) | B €T}
Cl (3yA(y)) = Fav(A(2)) B

Ezample 1. Consider P(0) V P(1) and JyP(y).
I ={0,1}
¢r(P(0) v P(1)) = P*(0,2) vV P*(1,x)  ¢p(3yP(y)) = IyP*(y,x)
Cl(P(0) Vv P(1)) =Vz(P*(0,2) vV P*(1,z))
Cl(3yP(y)) = FwP*(x, )

r={1}

Yi(P(0) v P(1)) = P*(0%(2),2) vV P*(Lz)  ¢F(FyP(y)) = FyP*(y, x)
CZI;(P(O) VvV P(1)) =Va(P*(0*(x),x) V P*(1, z))

Cl (3yP(y)) = 3aP*(z, )

2 I is a signature for the specification of terms which are admitted as witnesses.
3 Note that by duality the translation C;;/ CFcan be used to control resources, i.e. to
a priori limit the number of instances of universal axioms to be used in the proof.
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Theorem 1. T+ A(t) for some closed term of the signature of I' iff CZI;(T) F
CF(3zA(z)).
Proof. See [1] or [2], for a more general setting (C]'/CL correspond to CX / CX

. 1 . . .
with y = < . The proof uses the following property of resolution refutations.

r)
For sets of clauses {(=)L;1(Fi1, ), - ., (=) Lik; (Jik, , ) } ground substitutions of
refutations must always coincide at the z-position: = stores the term ¢ making
the argument constructive. Function symbols not in I" cannot occur in ¢ as their
translation depends on .

Ezample 2. P(0) V P(1) does not prove JxP(z) constructively as
iV (P(0) v P(1)) = Ya(P*(0,x) v P*(1,z)),
Cf}{o’l}(Ele(x)) = JaP*(x, ),
and Vo (P*(0,z) V P*(1,2)) I/ 3xP*(z, x).

Ezample 3. P(0), P(0) v P(1) do prove 3xP(x) constructively. This is not the
case if the signature is restricted to 1 as

et (P(0) v P(1)) = Va(P*(0%(z), ) V P*(1,z)),
G (P(0) = VaP* (07(2), 2),
¢ 3zP(z)) = J2P* (2, 2),
and Vo (P* (0% (z), x)), Vo (P* (0% (z),z) V P*(1,z)) / JoP*(x, ).
Ezample 4. JzP(z) does not prove JxP(x) constructively (I" = {0}) as
i FxP(z)) = VaTyP* (z,y),
¢t (@xP(2)) = FuP*(x, 2),
and Va3yP* (z,y) ¥ 3o P* (z, ).
Ezample 5. We use a well known example of non-constructivity (cf. [3]). There

are irrational numbers a,b such that a® is rational: consider v/ 9V 1t V/ 92 is
rational let @ = b = /2. If \/2\/2 is irrational let a = \/2\/2 and b = \/2, where

b= (V2 Ve = ot = .

We formalize this argument using the predicate R(z), the constant v/2, and the
function exp(z,y) (also written as x¥).

Let T = -R(v2),R ((\/2\/2)\/2) and I" = {V/2,exp(z,y) }.

T+ 323y(~R(x) A ~R(y) A R(zV))
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CT(T) = Va—R* (V2, 2), Vo R* ((VQ“Q)W,J@)

P

C: (323y(=R(z) A ~R(y) A R(a¥))) = 3aTy(—R*(z,2) A ~R*(y,x) A R*(2¥,z)).
The following structure (M, R*, exp, v/2) is a model for

Vz-R*(V2, z), VaR* <(\/2\/2)‘/2,a;> NVaVy(R* (x,x) V R*(y, ) V ~R* (2, x))

and consequently a counterexample to
Ir I * * *
C, (T) - C. FrIy(=R*(z,2) AR (y,z) N R*(2¥,7))).

M is the set of terms constructed from V2 and exp(z,y),
(v/2,v) ¢ R* for all v,
V2 =
(V277 V2) ¢ R,
(u,v) € R* otherwise.
Therefore there is no term ¢ such that

T+ Jy(=R(t) AN—=R(y) A R(tY)).

3 Conditional Constructivity

Let Hp(yA(y)) = Favy(Vr(A(y)) D ¢ (A(z))).
Ezample 6. Hp(3xP(z)) = JaVy(P*(y,x) D P*(x,x)).

Proposition 1. T+ A & {Vay}(B) | B € T} - Yay§(A).
Proof. By induction on the proof length.

Theorem 2.

(i) T+ A(t) for some closed term of the signature of I' = CI(T) + Hp(3x
(ii) CJ(T) = Hr(3zA(z)), T € S, S+ 3zA(z) = S+ A(t) for some closed
term of the signature of I.

Proof.

(i) T+ A(t) for some closed term of the signature of I' = C.(T) b 3z % (A(x))
by Theorem [Il = CPF(T) F 3aVy (7 (A(y)) D ¢7(A(x))) = Hr(3yA(y)).
(i) ¢I(T) - Hr(3yA(y)), T € S, S + JzA(z) = CL(S) = Hr(IyAy)),
Cy (S) F VaTyyt(A(y)) = C; (S) - Fzyi(A(x)) as
= Hr(3yAly)) o (Vadydi(Ay)) O Fayi(Ae)) and C(S) F Vo Jy
Y7.(A(y)) by Proposition [l = S F A(t) for some closed term ¢ in the
signature I" by Theorem [T
Note that ¢ is already “known” to T as Hr(3yA(y)) = CL (FxVy(A(y) D
A(x))) (- 32vy(A(y) D A(x))h).
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Ezample 7. P(0) VvV P(1), 3xP(x) D P(0) prove the conditional constructivity
for JyP(y), prove JxP(z), but do not prove JzP(x) constructively.

cOH(P0) v P(1)) = Va(P*(0,2) v P*(1, 7))

¢ 3xP(2) > P(0)) = Va(3yP*(y, z) D P*(0,))

Hyo,1y(yP(y)) = FaVy(P*(y,z) O P*(x, z)).
Obviously

¢ (P(0) v P(1).C;" QeP(x) 5 P(0)) F Hioay GuP ().

4 Conclusion

The establishment of conditional (relative) constructivity is an essential feature
of constructive mathematics, as relative constructivity proofs allow for the com-
bination of constructive parts of non-constructive proofs with suitable construc-
tive specializations. The translation presented in this paper makes it possible to
use classical models to analyze, why relative constructivity fails.
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Abstract. We introduce the class of Symmetric MV-algebras. Such alge-
bras have a suitable behavior with respect to a family of MV-polynomials.
It turns out that the class of Symmetric MV-algebras can be characterized
as the class of MV-algebras having homomorphic image in the variety gen-
erated by a single MV-chain with p+1 elements, where p = 1 or pis a prime
number. Also, using symmetric MV-algebras, we provide a new character-
ization of the above mentioned varieties.

1 Introduction

In this paper we will be concerned with the problem of characterizing the class
of MV-algebras having homomorphic image in the variety generated by a sin-
gle MV-chain with p 4+ 1 elements, where p = 1 or p is a prime number, see
Theorem 37. Also we provide a new characterization of these varieties.

The characterization of this class of MV-algebras leads to a study of MV-
algebras, called symmetric, having suitable behavior with respect to a family
of MV-polynomials. As consequences of studying symmetric MV-algebras, we
obtain results concerning, for a given arbitrary MV-algebras A, the biggest sub-
algebra MV, (A) of A which is a member of the subvariety generated by the p+1
elements MV-chain, see Theorem 26. Also we show that a suitable condition over
a symmetric MV-algebra assures the existence of closed Boolean spaces of the
set of the maximal ideals of A.

Let £ be the poset, under C, of subalgebras of the MV-algebra [0, 1]. £ then
has the greatest element, [0, 1].

L also contains atoms, that is subalgebras A C [0, 1] such that A’ C A, then
A" ={0,1} or A’ = A. The algebra {0, }, 1} is such an atom.

Since, for a maximal ideal M of an MV-algebra A, ]\”} is isomorphic to an
element of £, we have a method to refine the structure of the maximal ideal
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space. Heuristically, the ”smaller” is the quotient 1@’ the ”larger” is the maximal
ideal M. In effect this provides a pre-order on the set of maximal ideals.

Thus, from this point of view, this work is a study of the set of the maximal
ideals of "type p”, namely maximal ideals M with A‘L} an atom of £; that is, an
MV-chain with p + 1 elements, p = 1 or p prime number.

Moreover this work will study certain extensions of the Boolean subalgebra
of all idempotent elements of an MV-algebra.

The class of MV-polynomials, we call symmetric, will permit us to study the
appropriate algebras.

2 Generalities on MV-Algebras

An MV-algebra is an algebraic structure A = (A,* ,®,0,) satisfying the follow-
ing axioms:

1. (z@y) @z=2® (y ® 2);

2. xby=ydux;

3. 200=uz;

4. T ® 0" = 0%

5. (") =

6. (zroy)dy=(y ox) O

We define the constant 1 and the operation ® as follows:

(7) 1=0"
B) z0y=(z" DY)

From (8), with y = 1, it follows * @ x = 1. We shall adopt the usual conventions
for MV -terms: * operation is more binding than any other operation and the
® operation is more binding than @. On A two new operations V and A are
defined as follows: zVy = (z* @ y)* @y and z Ay = (x* ©y)* ®y. The structure
(A,V,A,0,1) is a bounded distributive lattice. We shall write x < y iff t Ay = x.

We say that the M V-algebra A is linearly ordered, if the lattice (A, V,A,0,1)
is linearly ordered. Such an algebra is also called MV-chain. Let o be a cardi-
nal number; we say that the MV-algebra A is a-complete if, for every family
{zp, 8 <a} CA V;_,7p exists in A

An MV-algebra is nontrivial if and only if 0 # 1. In the sequel we will concern
exclusively with nontrivial MV-algebras.

MV-algebras, originating from an algebraic analysis of Lukasiewicz many-
valued logic, are non-idempotent generalizations of Boolean algebras. Actually,
Boolean algebras are just the MV -algebras obeying the additional equation = &
z=uz. Let B(A) ={x € A| x®z =z} be the set of all idempotent elements of
A. Then, B(A) is a subalgebra of A, which is also a Boolean algebra. Indeed, it
is the greatest Boolean subalgebra of A. A remarkable example of MV -algebra
is given by the interval [0, 1] of real numbers, where MV -operations are defined
as follows:
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1. {0,1} are the constant elements;
2. x®y=min{l,z+y};

3. @y =maz{0,x+y—1};

4. 2" =1—-=.

Denote by N the set of all the integer positive numbers and set P = {n €
N | n is prime}. For every n € N set S, = {0,},...," 1,1} and S¥ =
I'Z®Z,(n,0))[7], where Z is the totally ordered additive group of integers and
7 ® Z is the lexicographic product of Z by itself. S,, is a subalgebra of [0, 1],
while S¢ is an infinite MV-chain which is not enclosed in [0, 1].

Moreover we shall write nz instead of x @ --- @ x (n-times), =™ instead of
x®---Ox (n-times) and we set 0z = 0. Moreover, to make the notations easier,
we will denote the product a ® b by ab.

A subset J # (), of an MV -algebra A, is an ideal of A if it is closed under &
and x <y, y € J imply « € J. Let H C A, we will denote by id{H} the ideal of
A generated by H. An ideal J of an MV -algebra A is called prime iff J # A and
whenever x Ay € J, then either x € J ory € J. Anideal J of A is called mazimal
iff it is proper and no proper ideal of A strictly contains J. Every maximal ideal
is prime, but not conversely. .J is prime iff 3‘ is totally ordered. For every ideal J
of A, the set {a € A: a* € J} shall be denoted by J*. Moreover we shall denote
by J*+ the ideal {a € A:a Az =0, for every z € J}.

The set of all prime ideals of an MV -algebra A shall be denoted by SpecA,
while MaxzA shall denote the sets of the maximal ideals of A. SpecA endowed
with the Stone-Zariski topology turns out to be a spectral space [2]. That is, the
sets U(z) = {J € SpecA | © ¢ J}, x € A, generate a topology on SpecA. The
open sets on SpecA are the sets U(I) = {J € SpecA : I ¢ J}, I ideal of A.
Moreover we will set U.(z) = {J € SpecA | x € J} and U.(I) = {J € SpecA |
ICJ} = SpecA\U(I).

The intersection of all maximal ideals, the radical of A, will be denoted by
RadA. An MV-algebra A is called semisimple if RadA = {0}. An ideal I of A
is called semisimple if it is the intersection of all maximal ideals that contain
it; equivalently, I is semisimple in A iff ‘} is a semisimple algebra. Evidently
RadA is a semisimple ideal and it is the smaller semisimple ideal of A. For every
MV-algebra and H C A, we will denote by (H) the subalgebra of A generated
by H. It is well known that (RadA) = RadA U (RadA)*.

The order of an element x € A is the least integer n such that nz = 1.
When such integer n exists, we say that = has finite order, in symbols ordx = n;
otherwise we say that x has infinite order and we write ordz = co.

Simple MV-algebras are algebras having {0} as unique ideal. Simple MV-
algebras are, up to isomorphism, exactly all the subalgebras of [0,1] [5]. Thus
every simple M V-algebra is totally ordered (MV-chain).

An MV-algebra is simple iff each z € A\ {0} has finite order.

Let MV be the variety of all MV-algebras. For every A € MV, V(A) denotes
the subvariety of MV generated by A. In [7] the authors proved the following:

n

Lemma 1. Let A be an MV-algebra. Then, for n € N, there exists the greatest
subalgebra Ay of A, such that Ay € V(Sy,).
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In the sequel the algebra Ay of Lemma 1 shall be denote by MV,,(A) and, for
n € N, we will denote by D(n) the set of all the divisors of n.

Definition 2. Let n € N. For every MV-algebra A and M € MaxA, M is
called of type n, if 1, A ~g

Let S denote the family of all MV-algebras A such that the only subalgebras
of A are {0,1} and A. It is easy to see that the finite MV-chain S, € S if and
only if p € P. However there are algebras in S which are non simple, such as the
Boolean algebra {0,1} x {0,1}.

In the poset of subalgebras of [0,1], {0,1} is the unique minimal element.
Indeed {0,1} is the smallest element. Moreover each subalgebra S, with p € P,
is an atom in the poset of subalgebras of [0, 1].

We shall focus on maximal ideals of type p, p € P U{1}.

Not every MV-algebra A has maximal ideals of type 1, for example [0, 1], or
less trivially, [0, 1]%. Examples of MV-algebras, having some maximal ideals of
type 1, can be found in [9], where the class of such MV-algebras is denoted by
BP. Moreover in [6] is defined the subvariety BP( of MV equationally defined
by 222 = (22)? and characterized as the class of MV-algebras whose elements
are the algebras where all maximal ideals are of type 1. It is proved that the
subvariety of the Boolean algebras is strictly contained in BP.

Here we prove that any subvariety which is generated by a single MV-chain
Sp or Sy, with p € P, is characterized by the property that any member of it
has all maximal ideals of type p or type 1, see Theorems 33 and 34.

We shall examine topological aspects of the subspace Max1 A C MaxA of the
maximal ideals of A of type 1. For any unexplained notion on MV-algebras see [5].

Now we collect some lemmas and a definition that shall be used in the sequel.

Lemma 3. Let A be an MV-chain and n a positive integer. If na = nb # 1,
then a = b; similarly, if a™ = b"™ # 0, then a = b.

Proof. Without loss of generality, assume a < b. Thus ba* > 0, b = a @ a™b and
nb =na @ n(a*b) < 1. By [5, Lemma 1.6.1,(iii)] n(a*b) = 0, which is absurd.
The proof of the second part of the lemma is analogous.

Lemma 4. Let A be a MV-algebra and a € A\{0,1}. If, for some integer k > 0,
ka = a*, then S = {0,qa,2a,...,(k — 1)a,a*,1} is a subalgebra of A.

Proof. S is clearly closed under @.

To show that S is closed under *, we shall prove that ((j + 1)a)* = (k — j)a,
for every j such that 0 < j < k.

If j =1, we have (2a)* = (a*)2 = a*(a ® (k—1)a) =a* A (k—1)a = (k- 1)a.
Then we proceed by mductlon for j > 1. By induction hypothesis we have

((G+Da)" = (ja)'a* = ((k—j+1)a)a” = ((k—jla®a)a™ = a* A (k- j)a
(k—j)a.

It follows hence that S is a subalgebra of A.
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We note that the subalgebra S above is isomorphic to
1 2 k
, , sy 1}
k+1 k+1 k+1

Lemma 5. Let p € N and S be a subalgebra of [0,1], satisfying the following
properties:

(i) for allx € S\ {1}, 2P = 0;
(ii) there is a € S\ {0}, such that (a*)P~1 # 0.

Then S = S,.

Spsr = {0

Proof. By (i), (a*)P =0 and a* < (p — 1)a; consequently
(@)=t < ((p—Da)". (1)
Now ((p — 1)a)? = ((p — 1)a)?~*((p — 1)a) = 0 and so

((p=1)a)~t < (a)P~h. 2)
Thus, from (1) and (2), it follows (a*)?~! = ((p — 1)a)?~! and, by Lemma 3,
a* = (p — 1)a. Therefore, applying Lemma 4, the subalgebra of S, generated by
a,is Sp, where a = *.
To prove that S =5, it suffices to show that there is no any element z € S
and 0 <z < .

Suppose there is an € S such that 0 < z < 11). Then (p — 1)z < p;1 <1

and 1 — (p;l) <1—(p—1)x <z being, by hypothesis, 1 < pz. From this 11) <x
which is absurd.

Definition 6. Let I be an ideal of an MV-algebra A. I is called hyperarchimedean

if
{J € SpecA|J 21} C MazA.

Obviously every hyperarchimedean ideal is a semisimple ideal.

MV-polynomials, which we concern in the paper are the 1-ary polynomials
on the structure of MV-algebra, obeying the classical definition of Universal
Algebra. It is well known that, if A and A’ are MV-algebras, h a homomorphism
from A to A’ and W an MV-polynomial, then h o W = W o h.

3 Symmetric MV-Polynomials and Symmetric
MV-Algebras

In this section we will show how each finite MV-chain S, C [0,1], p € P, can
be characterized as the zeroset of a certain MV-polynomial W), seen as a self-
mapping of [0, 1]. Moreover we will show that, coupling in a suitable manner
certain ideals I of an arbitrary MV-algebra A and the above mentioned polyno-
mials W), we can find subalgebras of A, denoted by Sym (W, I). Such subal-
gebras include B(A) and satisfy the property of having the quotient SymA§Wp’I)
isomorphic to S, or to S, for every prime ideal J D I.
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Definition 7. An MV-polynomial W shall be called symmetric if, for every
MV -algebra A and every a € A, W(a) = W(a*).

An easy example of a non-trivial (that is non constant) symmetric polynomial
is W(z) =2 A 2%

Definition 8. We shall call W stable (resp. strongly stable) if, for any MV-
algebra A and every semisimple ideal (resp. ideal) I of A, the following state-
ments hold:

(1) W) el
(i1) if W(a), W(b) € I, then W(a®b) € I.

The following theorem provides two remarkable examples of symmetric and
strongly stable
MV-polynomials. Define,

Wi(z) =z A 2%,
Wa(z) =2 Az* A (22 V (2%)?).

Theorem 9. Wy and Wy are symmetric and strongly stable.

Proof. 1t is plain that W; and W5 are symmetric MV-polynomials. Now we prove
that they are strongly stable.

Let A be an arbitrary MV-algebra, I an ideal of A and Wi (z), Wi (y) € I.
Since W1 (z®y) = (xDy) Aa*y* < (zAx*y* D (yAx*y*) < (xAx*) D (yAy*), we
have Wi (x ®y) < Wi(z) ®Wi(y) € I. So from W1(0) = 0, W is strongly stable.
Consider now Ws. Let J be a prime ideal and I C J. Clearly W5(0) =0 € J
Suppose that Wa(a), Wa(b) € J.

Wala®b) = ((a ®b)*V (a*b*)*) A (a D) A a*b*.

Therefore necessarily Wa(a @ b) € J in the following cases:

1. a,be J, or
2. a" € J,or
3. 0" e J.

Before considering the remaining cases, let us remark that:

() Wa(5) = "2 = 0 and Wa(}) = "2 =0;

(ii) Wa(%) = 0 iff either x € J or * € J or

z*

7=
Assume a,b ¢ J and a*,b* ¢ J.

Since 2, % ¢ {0,1}, ¢ = % =% =t Thus, *® = ! and a*b* € J; which
implies Wa(a @ b) € J.

Assume a ¢ J, b€ J and a*,b* ¢ J.
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;. Hence ¢ = 980 — a7 — a’b" 4q &b — (0B

In this case J =0and § =19. 7 Y 7
Therefore (a®b)?V (a®b)* ) € J and it follows that Wg(a@b) € J.By arbltrarlety

of J the thesis follows.
Let I be an ideal of an MV-algebra A and W an MV- polynomial. Set

Syma(W,I)={a€ A: W(a) € I}.
Then, with the above notations, we have:

Proposition 10. Let A be an MV-algebra, W a symmetric and stable (resp.
strongly stable) MV-polynomial and I a semisimple ideal (resp. ideal) of A. Then
Syma(W, 1) is a subalgebra of A and I is an ideal of Syma(W,I).

Proof. 1t is immediate to see that Syma (W, I) is a subalgebra of A. Let us now
show that I C Syma(W,I). If I is semisimple, then {0} = {I} is a semisimple
ideal of the semisimple MV-algebra ‘}1. Let a € I. Since W is stable, in ‘?, we
have W(9) = W(I) = W(a) = I, which implies a € SymA(VV,I). If Iis an
arbitrary ideal of A, using the strong stability of W in 4, similarly we obtain
IC Syma(W,1).

In the sequel, writing Syma (W, I) we tacitly assume A to be an MV-algebra,
I a semisimple ideal (an ideal) of A and W a symmetric and stable (strongly
stable) MV-polynomial.

Remark 11. Since every semisimple ideal in an MV-algebra is an intersection
of maximal ideals, it suffices to check the stable condition only on the maximal
ideals. Similarly, it suffices to check the strongly stable condition only on prime
ideals.

Definition 12. Letn € N and W an MV-polynomial. Then we say that W has
the n-chain property if, for every a € S, W(a) =0 and for every MV-chain A,
the following holds:

if W(a) =0, for every a € A, then there is r € D(n) such that A = S,.

Proposition 13. Let A be an MV-algebra, n € N and W a symmetric and
stable (resp. strongly stable) MV-polynomial having the n-chain property. Then
for any MV-algebra A and any semisimple ideal (resp. any ideal) I of A, the
subalgebra Syma (W, I) satisfies the following conditions:

(i) If J is a prime ideal of Syma(W,I) and I C J, then there is r € D(n) such
that SVmAWD o g, |

(ii) Srmatl) e v(g,).

Proof. (i) Let § e SymA(WI) - Being I C J, W(9) = W}”) = J and the thesis
follows from the n- chaln property of W.
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(ii) By Chang’s Subdirect Representation Theorem [5, Th.1.3.3.] there is an
embedding from SymAI(W’I) Sym/:‘](w’[). Hence the

thesis follows from (i).

to I jespecSyma(W,1),J21

We will apply this proposition to a class of symmetric and stable MV-
polynomials. Sym 4 (W, I) shall be called W-symmetric subalgebra of A over I. A
will be called a W-symmetric algebra if A = Sym (W, I), for some proper ideal
1. The concept of W-symmetric algebra extends that of Boolean algebra. Indeed
an MV-algebra B is a Boolean algebra, if and only if B = Symp(z A 2*,{0}).

MV-polynomials in one variable correspond to McNaughton functions of one
variable.

What the above allows is to prove the following:

Theorem 14. To each rational number Z, between 0 and 1 there corresponds
a wff Wi (2) such that Wi (a) =0 iff a = ’; ora=1-— ’;. Moreover Wi (z) =
P p P
p

Proof. Without loss of generality we may suppose that § and ged(k,p) = 1.
Let

y1 = —pr + Kk, y2 = pzr — k, Yz = —pr+p—k, ya =pzr +k—p.

Consider the function y(z) where

min(1,y1(z)), f0<z< f) ,

B min(1,y2(z)), if k<< é,
yl(z) = min(1,ys(z)), if ; <zr<l1l- };,
min(1,y4(z)), ifl1—F <az<1

Then y(x) satisfies the following:

(
(1) y(x) is piecewise linear and continuous on [0, 1],
(2) yla) = 0iffa e {£,1 - £},
3) y(=)

Consequently, since all the coefficients of the linear pieces of y are integers, there

is an MV-polynomial W such that W(a) =0 iff a = }; ora=1- ’;.

(x) is symmetric, that is y(a) = y(1 — a), for every a € [0, 1].

For our purposes it will be useful to explicitly construct the required wif. We
note that the class of wif we use is by no means unique.

Definition 15. We call a wff W of Lukasiewicz logic a nested monomial if it
can be generated in the following manner:

1) (mz)™ is a nested monomial for any n,m # 0,
2) if F(2) is a nested monomial, so is (mF(z))"™ for any n,m # 0.
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It is clear that F'(z) is a nested monomial iff there are sequences of positive
integers my,...,my (called coefficients) and ng,...,n; (called exponents) such
that

F(2) = (i (m— (o (i (g 2)7 )7 )...) e ), *)

Immediately we have:

Lemma 16. Let F(z) be a nested monomial and A an MV -algebra. Then the
following statements hold:

(i) If a € B(A), then F(a) = a.
(i) Let A be non Boolean. Then F(z) is the identity map on A iff m=n =1
for all coefficients m and exponents n;
(iti) If a € RadA and for some exponent n, n > 1, then F(a) = 0.
(i) If If a € (RadA)* and for some coefficient m, m > 1, then F(a) = 1.

With the notations of (*) we get:

Proposition 17. Let f} € 10,1, pe P\ {2} and 0 < f} < 5. Then there is a
nested monomial Fy, p(2), with mi,n1 > 1, defined on [0,1], such that:

(i) Fopla) =1 iffa="*,

(i1) fora # 0,1, kFy p(a) =a iff a = Z.

Proof. (i) For k=1,let I ,(z) = ((p—1)2z)P~*. Then FLP(;) = (p71)2;p(p72) =
11). Conversely, if Fy p(a) = 11)7 then (p — 1)%a — (p —2) = 11)7 from which we
have a = 11). Then we can proceed by induction. For &', 1 < k' < k < %

suppose the statement is true. Let m > 2 be the positive integer such that

mk <p < (m+ 1)k. (3)
By (3), we have

p =k _ K
(p—mk) " (p—mk)  (p—mk) "

Then we can fix an integer n > 1, such that

(p—k) p
<n< . 4
(- mk) <" (p— mh) W
Consider now the expression (m(ﬁ))" = p_"(i’)—mk) = ’;/. By (4) we get

0 < k' < k. By the induction assumption there is a nested wff Fj, ,(z) such
that Fi y(a) = 1 iff @ = ¥ Set Fy,(2) = Fi p((mz)"). Note that Fj,(2)
is nested and (ma)" = ¥ iff a = ’;. Hence Fj, p(a) = 11) iff a = f}.

(ii) Suppose now that kFy ,(a) = a, a # 0,1. Each nested monomial is a linear
function of the form y(z) = max(0,7z — s) where r, s are positive integers.
The function y(z) = 0 for z < ¢ and y(z) = 1 for z > 7. Thus the line
y(z) = z intersects y(z) = rz — s in exactly one point different from 0, 1.

Since ka’p(’;) = ’; we can infer from kF(a) = a that a = ’;.
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Let Wy ,(2) =kFj,p(2), Fi p(2) as in Proposition 17. Then for a # 0,1, W} (a) =
aiﬁa:f).Nowset,forpE’P\{2}andO<f)<%

Wip(2) = d(Wy, ,(2), 2) A d(Wy ,(27), 27), (®)

where d(z,y) = zy* Va*y = zy* ® 2*y. With the above notations, by definition,
we have:

Lemma 18. For each p € P\ {2} and 0 < f} < 3, Wip(2) is symmetric.

Proposition 19. Let a € [0,1] and k,p positive integers such that p € P\ {2}
and 0 < k < 4. Then Wy p(a) =0 iff a € {07’;7” k1)

Proof. Since Wy (z) is nested, Wy (0) = 0 and Wy (1) = 1. Thus Wy ,(0) =
Wi p(1) =0. Abbume Wipla) =0, a ;ﬁ 0,1. Then, by ( ), either d(Wy (a),a) =
0or d(Wy ,(a*),a*) =0. The former implies that W, (a) = a, which, by Propo-

sition 17(ii), is equivalent to a = k. The latter implies that Wy, (a*) = a* and

—k
so a* k from which we infer a = ? o -

Moreover

Proposition 20. Let A be an MV-chain, a € A and a # 0,1. If Wi p(a) = 0,
then (p — a=a* or (p—1)a* = a.

Proof. Suppose first d(((p — 1)a)?~1,a) = 0. Then ((p — 1)a)?~! = a. Hence

= (p—1)((@)P71). Thus, ((p—1)a)a* = ((p—1)a)((@* )P @ (p—2)((a")P7")).
From this, a* A ((p — 2)a) = (p — Da A (p — 2)((a*)P71).

Claim 1: (p — 2)a < a*.

Indeed if a* < (p —2)a, 1 = (p — 1)a and (a*)P~1 = 0, which implies a* = 0
and a = 1. Applying Claim 1, (p —2)a = (p — 1)a A (p — 2)((a*)P71).

Claim 2: (p — 2)((a*)P™1) < (p — 1)a.

Indeed if (p—1)a < (p—2)((a*)P~1), we get (p—1)a = (p—2)a which implies
a € {0,1}. Applying the Claim 2, (p — 2)(a*)?~! = (p — 2)a < 1. By Lemma 3,
(a*)P7l =aand so (p—1)a = a*. If d(((p—1)a*)P~1,a*) = 0 then letting b = a*
we have (p — 1)b = b*. That is (p — 1)a = a™.

Define,
for p € P\ {2}, Wp(2) = Ai1ci<c Pt Wip(2).
Proposition 21. Let p € P. Then the following statements hold:
(i) for a €10,1], Wy(a) =0 iffac S, ={0,1,2 .., p;I,l};

7p p7
(11) let a €]0,1[. Wy(a) =0 iff for exactly onek, 1 <k< pgl, Wi p(a) =0;
(iii) let A be an MV-algebra. If a € MV, (A), then Wy(a) = 0; if a € (RadA),

then Wp(a) =

Proof. (i) Let p = 2. Wa(a) = 0 if a € {0, 1} or if a® V (a ) = 0. The latter
implies that a®> = (a*)? = 0,80 a = a* and A = {0, 1, 1}. If p > 2, the
statement follows by Proposition 19.

90
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(ii) Tt follows by Proposition 19.
(iii) Let a € MV,(A). Then, by Chang’s Subdirect Representation Theorem [5,
Th.1.3.3.], a = (an)nen, where aj, € S, for each h € H. Fixed h € H, by
(i) we get:
(Wp(a))n = Wy(an) = 0;

Hence W,(a) = 0. If a € (RadA), then the thesis follows by definitions and
Lemma 16(iii),(iv).

Corollary 22. For any MV-algebra A and a € B(A), Wy(a) = 0.

Proposition 23. For every p € P, W), has the p-chain property.

Proof. Let A be an MV-chain and W,(a) = 0 on A. If a € RadA, by Proposition
21(iii), Wp(a) = a, which implies RadA = {0}. Then A is, up to isomorphism, a
subalgebra of [0, 1]. Hence the thesis follows by Proposition 21(i).

Theorem 24. For every p € P, W, is a stable and symmetric MV-polynomial.

Proof. Let us prove first that W), is stable. By Remark 11 it suffices to check
the stable condition only on the maximal ideals of an MV-algebra A. Let M €

MazA and W,(a),W,(b) € M. Then in ;; we have that Wg}”) =Wy(y) =

W]’\’/}b) = W,( ;) = 0. Hence, by Proposition 21(i), 1, }; € Sp, and “2" € S,,.
Consequently, W,(“5*) = 0 and so Wy(a ® b) € M. The symmetry of W, is

evident for p = 2. For p > 2, the statement follows by Lemma 18.

By Theorems 9 and 24, and Proposition 10 we get:

Theorem 25. Let A be an MV -algebra and I a semisimple ideal of A (or any
ideal if p=1,2). Then Syma(Wp,I) is a subalgebra of A and I is and ideal of
Syma(Wp, I).

Theorem 26. Let A be an MV -algebra and I a semisimple ideal of A (or any
ideal if p=1,2). Then the following statements hold:

(i) (MV,(4) U RadA) C Syma(W,,I);

(i1)) If J is a prime ideal of Syma(Wp,I) and I C J, then there is r € {1,p}
such that SymA§Wp’I) ~G.;

(iii) A D e v(s,);

Proof. (i) From Proposition 21(iii) it follows that if a € MV,(A) U RadA, then
Wy(a) € RadA C I. Thus (MV,(A) U RadA) C Syma(W,,I).

(ii) and (iii) follow from Proposition 23, Theorems 9 and 24, and Proposition
13(i) and (ii).

As we observed in the introduction, some results about M V-algebras, having
maximal ideals of type 1, are quoted in [9], where the class of such algebras is
denoted by BP. Now we are going to generalize these results to the case p € P
and to analyze them by using symmetry. Given an MV-algebra A and p € P, we
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can consider the ideal Na(W,) of A, defined by Na(W),) = id{W,(a) | a € A}.
(We will write N(W,,) for Na(WW,) when A is understood.) In [9] it is shown
that, for any MV-algebra A, the property of having at least a maximal ideal of
type 1 turns out to be equivalent to the following: id{z A z*,z € A} # A. Here,
in our terminology, we get:

Theorem 27. Let A be an MV-algebra. Then we get:

(i) If Na(Wy) # A, then every prime ideal J, that contains N4 (W), is of type
1, that is, 5 = {0,1}.
(ii) If J is a prime ideal of A and ‘f} = {0,1} then J contains Na(W7y).

A way to generalize Theorem 27 would be to pass from maximal ideals of type
1 to maximal ideals of type p. Indeed we have:

Theorem 28. Let A be an MV-algebra A and p € P. Then we get:

(i) If Na(Wp) # A, then every prime ideal J, containing Na(W,), there is
r € {1,p} such that § = S,.
(i) If J is a prime ideal of A and ‘3 = S, then J contains Na(Wp).

Proof. Let N4(W,) be proper and J a prime ideal including N4 (W)},). For each
ae A Wy(%) = W’:,(”) = 0. Since W,, has p-chain property, there is r € {1, p}
such that % 2 5,.. So (i) is proved. In the hypothesis of (ii), by Proposition 21(i)
we get, for every a € A, W,(9) = W’j,(”) = 0. Hence Wy (a) € J and N4 (W) C J.

By the above results, in any MV-algebra A, if N(W,) # A (p € P U{1}), then
every prime ideal containing N (W),) is a maximal ideal. From this we have:

Corollary 29. Let A be an MV-algebra and p € PU{1}. If Na(W),) # A, then
Na(Wp) is an hyperarchimedean ideal.

In the sequel we shall use the following lemmas:

Lemma 30. Let A be MV-algebra and p € P. Then N(W,) C N(W).

Proof. Tt will be sufficient to show that Wy(a) € N(W}), for every a € A. If
N(W1) = A, it is trivial. Let N(W;) # A, M a maximal ideal containing N (W)
and a € A. Since 7, € {0,1}, W,(7,) = wa(”)) =0 and Wp(a) € M. Since M is
arbitrary, by Corollary 29 W, (a) € N(Wh).

Proposition 31. Let A be an MV -algebra. If A has a mazximal ideal of type p,
then A is a Wy-symmetric algebra over each ideal I such that N(W,) C I.

Proof. By Theorem 24 and Corollary 25 N(W),) is a proper semisimple ideal
of A. Therefore we can consider Syma(W,, N(W})) which obviously is A. If
N (W) C I, then, for every x € A, Wy(z) € I and A = Syma (W), I).
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Lemma 32. Let A be an MV -algebra. Then if A is Wy-symmetric over some
ideal I of A, then I O N(W,).

Proof. By hypothesis, for every a € A, W,(a) € I, hence N(W,) C I.

Proposition 33. Let A be an MV-algebra, p € PU{1} and I a semisimple ideal
(an ideal if p=1,2) of A. Then the following statements hold:

(i) MVy(7) = e,
(it) Syma(Wy,I) is the largest subalgebra R of A for which ¥ € V(S,);

Proof. (i) Claim:

SymA(WP’ I)

7 is a subalgebra of

We have to show that, for every x € Syma(W,,I), the equivalence classes of =
with respect to I, considered in Syma(W,,I) orin A, coincide. That is, ify € A
and d(z,y) € I, then y € Sym (W), I).

Let ¥ = 7 in A. Then W,(¥) = W,(7) = W”I(m) = 0. Hence W,(y) € I and
y € Syma(Wy, I). From Claim and Theorem 26(iii) **"*{"»") C MV, (4). To
show that “V"AMWr D — pry (4 consider ¥ € MV,(4). By [5, Th.1.3.3.]
MV, (4) < Ije;S;, with j € {1,p}; Then we have (W,(¥)); = W,((%));) = 0.
Therefore W, () = 0, Wy(y) € I and y € Syma(W), I).

(ii) Suppose R is a subalgebra of A for which I C R and ¥ € V(S,). Let
x € R. Then W,(7) = 0. Therefore W, (z) € I and so x € Syma(W),,I). That
is, R C Syma(Wp, I).

We have observed that Syma(W,I) is a generalization of B(A) as the latter
is just Syma (W1, {0}). Indeed the concept of W-symmetric algebra generalizes
that one of p-valued algebra, with p € P. Indeed we get:

Theorem 34. Let A be an MV-algebra. Then the following conditions are equiv-
alent:

(i) A€ V(S,);
(ii) A = Syma(Wy, {0});
(iii) N(W,) = {0}.

Proof. If A € V(S,), then {0} is a semisimple ideal of A. By Proposition 32(i)

we have

A Syma(Wp, {0})

A=MV, = = Syma(W,, {0}).
Assume now A = Syma(W,,{0}). By Theorem 26(iii) A = {‘8} € V(Sp). Thus

we proved that (i) and (ii) are equivalent. The equivalence between (ii) and (iii)
follows by Lemma 31.

A further generalization is the following:
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Theorem 35. Let A be an MV-algebra. Then the following conditions are equiv-
alent:

(i) AeV(Sy);
(1)) A= Syma(Wp, RadA);
(1ii) N(W,) = RadA.

Proof. Let us prove first (ii) < (iii). Let A = Syma(W,, RadA). Then by
Lemma 31 N(W,) = RadA. The other implication is trivial.
Now we show (i) < (ii). If A € V(S}), then by [7, Th.18] Ry € V(Sp)

and, by Theorem 33, Rﬁ-lA =Sym 4 (Wp,{RadA}). Let a € A. Wy (po4) =
VI‘{ESX = RadA. Thus W,(a) € RadA and A = Syma(W,, RadA). Assume
now A = SymA(Wp,RadA) and a € A. Then W,( = "ol9) — RudA.

RadA) " RadA
Therefore, by Theorem 33 RadA € V(Sp), and by [7, Th.18] A € V(S}).

By the above theorem immediately we have:

Corollary 36. Let A be an MV-algebra. If A € V(Sy,), then RadA is an hyper-
archimedean ideal.

Theorem 37. Let A be an MV-algebra and p € P. Then the following are
equivalent:

(i) A has mazimal ideal of type p or 1;

(i) Na(iV,) # A;
(iii) A is Wy-symmetric with respect to N (Wp).
(iv) A is Wy-symmetric.

Proof. (ii) = (i) follows from Theorem 28.

(i) = (ii). Let M be a maximal ideal of A having type p or 1. If = 5,
then Na(Wi) # A and the thesis follows from Lemma 30. Let £ = S and
a € A. By Proposition 21(i), W,(5,) = Wg}a) = 0. Thus W,(a) € M and
Na(Wp) € M # A.

So we proved (i) < (ii).

(i) = (iii). Corollary 29 allows us to consider the subalgebra
Syma(Wp, Na(Wp)) of A. As a matter of fact A = Syma(W,, Na(Wp)). In-
deed for a € A, Wp(a) € Na(W),).

(iil) = (iv) is trivial.

(iv) = (ii). Assume A = Sym (W), I), for some semisimple proper ideal I of
A. Then W,(a) € I, for every a € A. Thus Ny (W,) C I # A.

Proposition 38. Let A be an MV-algebra and p € P. Then the following state-
ments are equivalent:

(i) A is Wp-symmetric;
(i) A has a homomorphic image in the variety V(Sp).
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Proof. (i) = (ii) The thesis immediately follows from the implication (iv) = (i)
of Theorem 36.
(ii) = (i) By hypothesis there exists an ideal I of A such that 4 € V(S,). Let
A~
;=

J 2 I a prime ideal of A. We get /II: =~ 4 € V(S,). Hence § = S, or Sy.
From that, the thesis again follows from Theorem 36.

Theorem 36 says that if A is Wj-symmetric, then A is W,-symmetric over
N(W7). This result makes it appear that there is an ambiguity in the notion
of Wy-symmetry. To clarify this we have,

Proposition 39. Let A be an MV-algebra and p,q prime integers. If A is Wp-
symmetric over an ideal I of A and Wy-symmetric over I, then either p = q or
A is Wy -symmetric over I.

Proof. Let p # q. Since A = Syma (W), I), for any maximal ideal M D I, ]\14/11 is
either {0,1} or {1 = S,. Similarly for ¢ we obtain ; is either {0,1} or 7, = S,.
It follows that 1@ = {0,1} and thus A has maximal ideals of type 1 and A is
Wi-symmetric over I.

Let us observe that if M € Max; A, for some MV-algebra A, then M is minimal
with respect the property of including N(W7).

We wish to conclude this paragraph by exhibiting an example of MV-algebra,
having a denumerable infinity of different types of maximal ideals, but no having
maximal ideals of type 1.

Example 1. Let A = [[, .y Sp, where p, is the nth prime number. Clearly
A has maximal ideals of each type py,, that is V(N (W), )) is non-empty for
each prime integer p,. However A has no maximal ideals of type 1. Indeed, let
a = (ap)nen € A be the element such that a, = pé};/l, for every n € N. a has
order 4. Therefore a A a* = a has finite order and so N4 (W) = A.

Example 2. An example of a symmetric MV-algebra having maximal ideals
of type belonging to a given family {p1, ..., p,} of prime numbers and no other
maximal ideals is given by A = Sﬁ X ... X S]‘;i for some set X # ().

4 Maximal Ideals of Type 1

We shall compare some properties of Syma(W1,I) and B(A).

Theorem 40. If A is a-complete and I is an a-complete ideal, then Sym (W1, 1)
18 a-complete.

Proof. Suppose A, I are a-complete. Let x5 € Syma(W1,I), 6 < a. By a-
completeness of A, z = \/ 5 25 exists in A. Now each zgA\zj; € I3 hence 2*Azg € I,
for each § < a. Then we have 2™ Az = 2" A Vzag = Vglzg Aa™) € 1,
by a-completeness of I. Therefore z € Sym (W1, I) and so Syma(Wi,1I) is a-
complete.
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The above theorem strengthens the following result:
If A is an a-complete MV-algebra, then B(A) is an a-complete subalgebra of
A, see [3] and [5, Corollary 6.6.5(i)] . Indeed B(A) = Syma (W1, {0}).

Proposition 41. Let A be an MV-algebra, I a semisimple ideal of A and x,y €
A Ifx € Syma(Wh, 1) and d(x,y) € Syma(Wh, 1), then y € Syma(Wi,1I).

Proof. We show first that the proposition is true for B(A). Let =, d(z,y) € B(A)

d(z,y) =

and J be a prime ideal of A. Then d(i”,’y) and 7 are idempotent and so “¥, 7

A

{0,1} € 7.

d(:my)_{g if 9 =0,
=37

J rof T =1,

From above either y € J or y* € J, hence yAy* € J. Since J is an arbitrary prime
ideal, it follows that y Ay* = 0 and so y € B(A). Now let I be a semisimple ideal
of A and assume z,d(x,y) € Syma(W1,I). By Proposition 26(iii) and Claim in

the proof of Proposition 32, d("?y) and 7 are idempotents in ‘}1 ; hence they are

in B Since M@ = (%, ¥), ¥ € B(4). By idempotency ¥ A ¥ =¥\ = 0.

Therefore y A y* € I and we may conclude that y € Syma(Wh, I).

Every ideal in a Boolean algebra, if maximal, is of type 1. On the other hand
A =[0,1]%, X # 0 has no maximal ideals of type 1. Moreover we have B(A) C
Syma(Wy,I) C A for any ideal I of A. We get that these intermediate sub-
algebras always have maximal ideals of type 1. Indeed, by Theorem 26(ii), if
Q € Spec(Syma(W1,1)), with N(W7) C @, then @ is a maximal ideal of type 1
in Syma(Wy,I). Since every ideal in an MV-algebra is contained in some prime
ideal, it is evident that Sym (W7, I)} always contains maximal ideals of type 1.

Proposition 42. Let A be an MV-algebra and M € MaxA. Then the following
are equivalent:

(i) M is of type 1 in A;
(ii) for allx € A, x € M orx* € M;
(i) for all x,y € A, xy € M implies x € M ory € M.

Proof. The equivalence among (i) and (ii) is trivial.

Since xz* = 0 it is clear that (iii) implies (ii). Assume (ii). Let xy € M and
suppose that ¢ M. Then z* € M and z* @ xy = 2* Vy € M from which we
have y € M.

Definition 43. We call an MV-algebra A Boolean —mixed if A is not Boolean
and A = A’ x B where B is a Boolean algebra.

If A= A" x B, we will denote by m; and m the projection of A in A’ and B
respectively. Then we get:

Definition 44. We call an MV-algebra A a subdirect algebra of a Boolean —
mized algebra C = A" x B, if A is a subalgebra of C and 71 (A) = A’ and
7'&'2(14) = B.
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Proposition 45. Let A be an MV-algebra. Then the following statements are
equivalent:

(i) A is Wy-symmetric;
(i) A has a Boolean homomorphic image.

Proof. (i) = (ii) The thesis immediately follows from Theorem 27(i).

(ii) = (i) By hypothesis there exists an homomorphism ¢ from A onto B.
Then for every M € MaxB, we get o~ '(M) € MazA is of type 1. From that,
the thesis again follows from Theorem 27.

Proposition 46. Let A be an MV-algebra. Then the following statements are
equivalent:

(i) A is a subdirect algebra of a Boolean-mized algebra;
(ii) A is a non-Boolean W1-symmetric;
(iii) A is a retract of a Boolean-mized algebra.

Proof. (i) = (ii) Suppose A is a subdirect subalgebra of A’ x B where A is
non-Boolean and B is Boolean. The projection of A on B is an homomorphism
from A onto B. Then the proof is completed by Proposition 44.

(ii) = (i) If A is Wi-symmetric, then N(W;) # A. Thus we can give a
subdirect representation of A by the map p: A — A x N(I;}Vl)’ given by u(x) =
(z, N(f,vl) ). p is an injective morphism, that is a subdirect representation. Since
A is non-Boolean and N(évl) is Boolean, the equivalence (i) < (ii) is proved.

(if) = (iii) Let p : A — A X N(évl) the above injective morphism and
7 (x, N(f,vl)) — x the projection of A x N(‘;}Vl) on A. Since mo u = I4, the
implication is proved.

(iii) = (ii) By hypothesis there are a Boolean-mixed algebra A’ x B (A’ non-
Boolean and B Boolean MV-algebras), an injective morphism p: A — A’ x B
and a surjective homomorphism x : A’ X B — A such that y o u = I4. Thus,
up to an isomorphism, A is a subalgebra of A’ x B. Therefore the projection of
A x B on B holds on having A a Boolean homomorphic image. By Proposition
44, A is Wi-symmetric.

In [1, Corollary 3.2] is proved that MaxzA coincides with the set of all maximal
ideals of type 1 iff Rad(A) = N(W;). An example of such an algebra is CV,
where C is the perfect algebra with one generator. In the semisimple case this
happens iff A is Boolean. Otherwise we get:

Proposition 47. Let A be a semisimple MV-algebra and N' = (\{M | M €
MazA\ Maz, A}, If MazA # Maz1 A # 0, then, N’ = (No(Wp))L.

Proof. N'NNA(W1) € Nyrerraza M = {0}. Then N’ C (N4(W7))~. On other
hand if M € Maxz(A)\ Max, A, then N4(Wy) € M; that implies (N4 (W;))+ C
M and so (N1)+ C N’

As an application of Proposition 41 we get a result which strengthens Theorem
3 of M]. Indeed we have:
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Proposition 48. Let A be an MV-algebra. Then the following statements are
equivalent:

1. MaxA = Max,A
2. ord(xy) = oo iff ord(x) = co or ord(y) = oco.

5 Topological Issues on Maximal Ideals of Type p

In this section we provide a certain topological characterization of U.(N 4 (Wp)).
Let A be an MV-algebra. By Lemma 30, Na(W,) C N4(W;), for every p €
P. Consequently Us(Na(W7)) € Uc(Na(W,)). The main result of this section
is that, if A is Wy-symmetric, the subset of MaxA, U.(Na(W,)), is a closed
Boolean subspace of SpecA.

Theorem 49. Let A be a Wy-symmetric MV-algebra over a semisimple ideal I
of A. Then U.(Na(W)) is a closed Boolean subspace of SpecA.

Proof. U.(N4(Wp)) is a closed in SpecA by definition. By Theorem 36 N4(W),) #
A. Moreover from Corollary 29 and Theorem 26(iii), U.(N4a(W,)) € Max(A)
and ? € V(Sp). Hence Spec(’?) is a Boolean space. Consider the bijection
h: M € U(Na(W,)) — M € Spec(4). Let J be an ideal of A containing I
and O = U(7) an open set in Spec(4). We get 7 ¢  if and only if J ¢ M.
Consequently h=1(0) = U(J) and h is a homeomorphism.

Proposition 50. Let A be an MV-algebra and p € P. Then the following state-

ments are equivalent:

1. M € Ue(Na(Wp)) \ Ue(Na(W1));

2. for all x € A\ M, (x*)P € M and there exists an a € A\ M such that
(a*)P~t ¢ M.

Proof. (1) = (2) Let M € U.(N(W,)) \ Us(N4(W7)). By Theorems 27 and

28 ]f} = S,. Let n be such an isomorphism. If z ¢ M, then ;; # 0. Since

n(y;) € Sp, B = 1, that is, (z*)? € M. Assume a € 77_1(117)7 then a € A\ M.

Since n((a*)P~1) = 1177 we have (a*)P~1 ¢ M.

(2) = (1) By Lemma 5 ;7 =S, thus M € U.(Na(Wp)) \ Ue(Na(W1)).
In [9] it was proved:

Proposition 51. Let A be an MV-algebra. Then Max1A is a closed subspace
of SpecA.
We strengthen it by

Proposition 52. Let A be an MV-algebra. Then Max1A is a closed Boolean
subspace of SpecA.

Proof. Since SpecA is compact, by Proposition 49, Maxi A is compact. Let
My, My € Ma:mA, My 7é My and x € M, \ Ml; so that z* € M, \ M.
Then M; € U(x), My € U(z*). As U(z) NU(z* N Max1A = 0 , we see that
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Maz1 A is Hausdorff. Clearly the sets U(z) form an open basis for MaxA; but
U(x)NMax1 A = Uc(2*) N Max,A. Thus we found a basis of clopen sets. Hence
the proposition is proved.

Proposition 53. Let A be an MV-algebra such that:

(i) (Na(W1))* # {0} and
(i1) (NA(‘éVl))J‘ has no maximal ideals of type 1.

Then Max1 A is a clopen Boolean subspace of SpecA.

Proof. By Proposition 51 we have only to show that he set of all maximal ideals
of type 1 of A is an open subset of SpecA.

. A . . _ A
Since (Na(Wr))- has no maximal ideals of type 1, .7\7(N(V,‘/;\1))L Wy) = (Na(Wi)L -

Thus for some u € N4 (Wy), (Na(Wi)t = (NA(llxvl))i and u* € (Na(Wh))*. If
x € Ny(Wh), then z Au* = 0 so x < wu. It follows that Na(W7) = id{u} and
(NA(W0)* = idfu}.

Claim: U(u*) = Max, A.

Indeed, let J be a maximal ideal of A of type 1. Since u € Na(W7), we get
ue Jand u* ¢ J;s0 J e U(u*).

Assume now J € U(u*). Then, since uAu* = 0, u € J. From this N4 (W;) C J
and J € MaxiA. By the Claim the proposition is proved.

Example. Now we will exhibit an example of MV-algebra, satisfying the hy-
pothesis of the previous theorem. Consider the MV-algebra A’ = [0, 1]V, Let M
be the maximal ideal M = {x € A| 29 =0} and A = M UM* ={0,1} x 0, 1]V.
Then N(W;) € M. We claim that A satisfies the conditions (i) and (ii) of
Proposition 52.

Let e € A defined by eg = 0, ¢, = 1, n > 0. We get e € M and e* €
(NA(W1))* 0.

Let y € A be defined by yo = 0, yn = 3, n > 0.Then y A y* = y and so
y € Na(W1) C M. Since e = ydy = 2(yAy*) = 2Wi(y), we get e € Na(W7).
From that

e _ 2W1(y) oWy

(Na(W)E ~ (NVa(1)- )

Yy
(Na(Wh))+
that means o

N
(Na(W))* © <NA<€vl>>¢<

Since e* € (No(W1))*,

Wh).

e 1

(NW)- (N (W) -

A o ) . .
SO (na(Wiyt = N(NA(Cle))L (W7) has no maximal ideals of type 1.
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Abstract. It is shown that a conservative expansion of infinite valued
Lukasiewicz logic by new connectives univocally determined by their ax-
ioms does not necessarily have a complete semantics in the real interval
[0,1]. However, such extensions are always complete with respect to val-
uations in a family of MV-chains. Rational Lukasiewicz logic being the
largest one that has a complete semantics in [0,1]. In addition, this logic
does not admit expansions by axiomatic implicit connectives that are
not already explicit. Similar results are obtained for n-valued Lukasiewicz
logic and for the logic of abelian lattice ordered groups. These and related
results are obtained by the study of compatible operations implicitly de-
fined by identities in the varieties of MV-algebras and abelian ¢-groups;
the pertaining algebraic results having independent interest.

1 Introduction

Much research effort has been devoted to enrich propositional Lukasiewicz logic
with new connectives in order to enhance its geometric expressiveness and alge-
braic significance. These connectives are usually introduced as new operations in
the real interval [0, 1], in consonance with the role of Lukasiewicz logic as one of
the basic models of fuzzy logic. We present here a different approach that seems
natural from the proof theoretic and algebraic perspectives and may contribute
to clarify the possibilities of this quest.

Consider a conservative extension L(C) of an algebraizable deductive calcu-
lus L = (L,tpr), by axiom schemes which define univocally a new n-ary con-
nective symbol C. That means that the duplicate system L(C)U L(C") deduces
C(p1...pn) < C'(p1...pn), where < is the equivalence formula associated to the
algebraizability of L. Then we say that C' is an (axiomatic) implicit connective
of L. If there is a formula ¢ € L such that 7y C(p1...pn) < ©(p1...pn), We
say that C' is explicit; otherwise, it is a proper implicit connective of L.

It is shown in [9] that any implicit connective of classical propositional calcu-
lus is explicit, but that is not the case for Heyting intuitionistic calculus where
one has instead the approximation gy oy 7=C(p1...pn) < ©(p1...pn). We do

S. Aguzzoli et al.(Eds.): Algebraic and Proof-theoretic Aspects, LNAI 4460, pp. 50-[G8 2007.
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not have at the moment a clear picture of the implicit connectives of intuition-
istic logic; however, the intermediate calculus G,, given by n-valued Godel logic
possesses a proper implicit connective S such that the extension G, (S) does
not allow proper implicit connectives. Something similar is shown to hold for
n-valued Lukasiewicz logic L,, in [§].

We study in this paper the implicit connectives of infinite-valued Lukasiewicz
calculus L. This logic has infinitely many proper implicit connectives: among
others, the division connectives introduced in [3] and utilized in [I5] to define
Rational Lukasiewicz logic RL. The latter logic is complete with respect to its
natural interpretation in the real interval [0, 1], according to [15], and it is shown
in [3] to satisfy a natural extension of McNaughton’s theorem, and to be the
minimum extension of L, having the interpolation property.

Our main results here are the following:

Any implicit connective of RL is explicit (Theorem [1).

Thus, RL is maximal with respect to extensions by implicit connectives. How-
ever, it is not the largest extension of L. by implicit connectives. We exhibit such
extensions which are sound but not complete with respect to values in [0, 1],
and thus they can not be interpreted faithfully into RL (Theorem B]). On the
other hand, we show that any extension of L. by implicit connectives is complete
with respect to a family of MV-chains, thus qualifying as a fuzzy logic in the
broad sense (Theorem [ cf. [I3]). Among those, RL is the largest one having a
complete semantics with values in [0, 1]:

Any extension of L by implicit connectives having a complete semantics in
[0,1] has a faithful syntactic interpretation into RL (Theorem ).

The latter result implies, for example, that the product connective of combined
product logic LIT (cf. [20]) is not an implicit connective of L since it is not
interpretable into RL; that is, it can not be characterized univocally by any
axiomatization whatsoever.

We review also the case of n-valued Lukasiewicz calculus L, showing sim-
ilar results, and exhibiting examples of implicit connectives whose logic is not
complete with respect to a single MV-chain.

Our main tool are the results of [8] which imply that any extension L(C) of
L by a family C of implicit connectives is algebraizable by a variety of enriched
MV-algebras, where the operations interpreting the connectives in C are implic-
itly defined by identities and are compatible with all the MV-algebra congru-
ences. Therefore, studying implicit connectives of Lukasiewicz logic amounts to
studying compatible operations implicitly defined by identities in the variety of
MV-algebras. Our main algebraic result in this direction may have independent
interest (DMV-algebras are the enriched MV-algebras of RL):

Any compatible operation defined implicitly by identities in the wvariety of
DMV-algebras is given by a term of the variety (Theorem [H]).

For the variety of lattice ordered abelian groups, related to MV-algebras by
Mundici’s functor [21], we have:
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Any compatible operation defined implicitly by identities in divisible lattice
ordered abelian groups is given by a Q-vector lattice term. (Theorem [I0)).

The last result allows us to prove analogues of the previous results for the
Logic of equilibrium introduced in [14].

We refer the reader to [7], [6], and [I2] as standard references for the concepts
of universal algebra, algebraizable logics, and model theory utilized in this paper.

2 Preliminaries

We start with some general preliminaries on implicit operations in varieties of
algebras and their relation to implicit connectives.

Let V be a variety of algebras of type 7 and let £(C) be (the universal closure
of) a set of identities of type 7 UC where C is a family of new function symbols.

Definition 1. £(C) defines implicitly C in V, if in each algebra A € V there is
at most one family {V* : A" — A}yec such that (4, V*)vec = £(C). We say
then that C is an implicit family of operations of V, or an implicit operation in
case it has single member.

The class
V() = {(A, VNvec : A€V, (A, Vhvec E EC)}).

is a new variety of type 7 UC. The class Rede of reducts of V(C), that is, those
algebras of V where each V € C exists, does not need to be all of V. In case
Redc generates V then V(C) is conservative over V, that is, any identity of type
7 holding in V(C) already holds in V.

The following lemmas collect some basic facts about implicit operations.

Lemma 1. Let C be an implicit family of operations of V. Then
1. Each V € C has an explicit first order definition Ov(x,y) of type 7. That is,
for any A € Rede and x, y in A

y=Vix) e A= vy, x).

2. The class Redc is first order axiomatizable.
3. If each V € C exists in A; for all i € I then it exists and is computed compo-
nentwise in the product II; A;. The same is true for reduced products II;A;/F .

Proof. 1. This is a simultaneous form of Beth’s definability theorem. Without
loss of generality, assume that £(C) contains the defining identities of V and
E(C’) is a duplicate of £(C) with disjoint copies of the symbols in C. Pick V € C
and fix distinct variables g, x, then £(C)UE(C’) = V(x) = V'(x) by hypothesis,
and £(C) may be assumed to be a single sentence by compactness of first order
logic. Thus, the above may be written £(C) Ay = V(x) E £(C') — y = V'(x),
and Craig’s interpolation lemma yields an interpolant 6y (y,x) which does not
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contain the operation symbols in C or C’. Standard logical manipulations give
then £(C) Ey = V(x) < 6v(y,x), which proves the claim.

2. All operations V € C exist in A if and only if A satisfies the set of sentences
{vx3Aybv (y,%x) }vecUE(V /0y )vec, where E(V /0y )vec is the result of rewriting
the identities in £(C) so that all the occurrences of V € C appear in the form
y = V(x) and then replacing these by v (y,x). For example, V1 (Vi(v,z),2) =
Vv should be rewritten: YyVy'[(y = Vi (v, 2) Ay = Vav) — ¢ = Vi(y, )], and
then Yulfv, (y,v,2) A bv,(y',v) — Ov, (v, vy, )]

3.If (A, VY yee | E(C) for all i € I then IT; , p(A;, V) vee | E(C) for any
filter F' over I because identities are preserved by reduced products. O

Definition 2. An implicit operation V of V will be compatible if for any A €
Redc the congruences of A are congruences of (4,V)yec.

Not every implicit operation of a variety is compatible. For example, the identi-
ties
nD,(x) =z, D,(nx)=c

(n > 2) define an implicit operation in the variety of abelian groups, since any
other operation f satisfying the second equation must satisfy fix)= f(nD,(z)))=
D, (z). It may be seen that D,, exists exactly in the n-divisible abelian groups
having no elements of order n, where D,,(z) = }Lm is well defined. But this oper-
ation is not compatible because we have k = 0 (mod Z) in the group (Q, +, —,0)
for any integer k, but D, (k) # D, (0) (mod Z) if n does not divide k.

Lemma 2. Let C be an implicit family of compatible operations of V.

1. If h : A — B is an onto homomorphism of V and all V € C exist in A then
all them exist in B and hV*(ay, .., a,) = VE(h(ay), .., h(an)).

2. Reducts of subdirectly irreducible algebras of V(C) are subdirectly irreducible
mn V.

Proof. 1. If h : A — B is an onto homomorphism and vA is compatible with
Ker(h), then the function fy(h(a)) = h(V*(a)) is well defined in B. Therefore,
h: (A, VYvee — (B, fv)vee becomes an homomorphism. As (4, VA)yee =
£(C), then (B, fv)vec = £(C) and by definition fy = V7.

2. Since (A, V4)vee and A have the same congruences, a monolith of the first
structure is a monolith of the second. O

Our interest in compatible implicit operations is explained by their relation to
implicit connectives of algebraizable logics given by Theorem [I] below. We will
consider only logics £ which are strongly algebraizable in the sense of Blok and
Pigozzi (cf. [6]) with respect to an equivalence formula < and a constant formula
1 of the calculus. This means that

prrpel,  pellbre (a)

and there is a variety of algebras V, of the same signature as the logic, such that
the following algebraic completeness theorem holds:

{p; = wi}iﬁn Fc @« ¢ if and only if {p; = wi}iﬁn Fv @ = ; (b)
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equivalently, due to (@),

{@iticn Fro @ if and only if {p; = 1}i<n, v @ = 1, (c)

the usual completeness with respect to valuations in all the algebras of V. Notice
that we use, as we will keep on using throughout the paper, the formulas of the
calculus as terms of the variety.

Most familiar logics are algebraizable in this sense. By finiteness of the deduc-
tions in £ and compactness of first order logic applied to V, (@) holds for infinite
theories {, }icr. In fact, this strong algebraic completeness may be achieved by
taking only valuations in the subdirectly irreducible algebras of V:

{@i}ier Fr @ if and only if {¢;, = 1}icr Fsrovy o= 1. (sc)

Now, let £(C) be an extension of £ by a system of axiom schemes A(C)
involving a family of new connective symbols C, and let

AT(C) ={p=1:9€ AlO)};
then we may define the variety

V() ={(A fv)vec: A€V, (A fy)vec F A" (C)}.

One has by construction that -,y ¢ implies Fy) ¢ = 1, but the reciprocal
does not necessarily hold. That is, we can not claim that £(C) is algebraizable
by V(C). However, algebraicity is obtained in the following case.

Definition 3. £(C) defines implicitly C over L if = Vp « V'p for each V € C,
where A(C’) is a duplicate of A(C) with a new connective symbol V' replacing
each V € C.

Theorems 1 and 4 in [§] yield:

Theorem 1. If L is algebraizable by a variety of algebras V, and L(C) = L U
A(C) defines implicitly a family of connectives C over L, then A*(C) defines an
implicit family of compatible operations of V (that we denote C also) and L(C)
is algebraizable by V(C), by means of the same formulas < and 1 as L.

This theorem fails in various ways if the extension does not define implicitly C.
It may happen that £(C) is not algebraizable at all, or that it is algebraizable
by algebras not having reducts in V, or that it is algebraizable for algebras with
reducts in V but the interpretation of the connectives in C is not compatible.
See [8] for examples.

3 Implicit Connectives of Lukasiewicz Logic

Infinitely valued Lukasiewicz calculus L has the primitive connectives —, —, and
the following axioms plus the Modus Ponens rule:
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p—(q—p)

r—q9 —(g—r1)—=(—r))
(p—¢q) —q) — ((¢g—p) —p)
(=p— —q) — (¢ —p).

Its expressive power is better revealed by the use of the following explicitly
defined connectives:

pYqi=(p—q) —q
pAq:=-(=pY q)
peq:=(p—q A(g—Dp)
l:=p—0p

0:=~(p—p)
pPOq:=-p—q
POq:=-(p— —q).

For each integer n > 2, the abbreviations:

np:z}\?EB...EB}j and an:]\?G)--«@ga
~ ~
n n

are unambiguous up to equivalence due to associativity and commutativity of &
and ©. The set {@®, —} serves as a complete set of connectives because by, (p —
q) < (—p @ q). We will assume familiarity with this calculus. For a full account
we refer the reader to [10].

Utilizing {®,—,0} as primitive connectives (0 superfluous but convenient),
Lukasiewicz logic is algebraizable with respect to the defined connectives < and
1 by the variety of MV-algebras, MV, variety generated as a quasivariety by the
Lukasiewicz algebra

[07 ]-]MV:([07 ]-]7@7_'70)7 x@y:mln{m—l—%l}, —r=1-—u.

Any MV-algebra has a natural lattice order defined by = < y iff (z — y) = 1,
where Y, A become the join and meet, and 0, 1 become minimum and maximum,
respectively. Chang’s representation theorem [I1] says that the subdirectly irre-
ducible algebras of this variety are MV-chains (linearly ordered
MV-algebras) and thus any MV-algebra is a subdirect product of MV-chains.
Moreover, [0, 1] generates MV as a quasivariety and thus we have Chang’s
completeness theorem:

{@iyi<n Fr @ if and only if {¢; = 1}icn Fjo1) ¢ = 1.

Tt is well known that L is not strongly complete with respect to [0, 1]asv; that
is, the above does not hold for infinite theories. However, L is strongly complete
for valuation in all MV-chains, by () in the previous section. In fact, it is
enough to take the divisible MV-chains because any MV-chain is embeddable in
a divisible one.

! Chang’s theorem is usually stated with an empty set of premises but it is equivalent
to the given version because L has a form of the Deduction Theorem.
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Strong completeness with respect to a family of totally ordered algebras has
been proposed as a test for being a ‘fuzzy logic’ in [I3]. Our first observation
is that any extension of Lukasiewicz logic by implicit connectives qualifies as a
fuzzy logic in this sense.

Theorem 2. Any extension L(C) of L by implicit connectives is strongly com-
plete with respect to the class of MV(C)-chains.

Proof. By Theorem [Il L(C) is algebraizable by the variety MV(C) where C is an
implicit family of compatible operations of MV. Thus, by (s1), L(C) is strongly
complete with respect to valuations in the subdirectly irreducible algebras of
MV(C), which by Lemma [2}2 have subdirectly irreducible reducts in MV and
thus are chains. |

However, we will see later (Theorem B]) that L.(C) does not need to be complete,
even the less strongly complete, with respect to values in the algebra [0, 1]5v -

3.1 Division Connectives, Rational Lukasiewicz Logic

For n > 2, the axiom schemes:

(A1) nbn,p —p
(A2) p— nbup
(A3) (p — ng) = (bnp — q)

define an implicit connective 6,, of L. To see this, assume the same axioms for a
different connective symbol A:

(A1)) nAp—p, (A2)) p—nip, (A3x) (p— ng) — (Ap—q).

Then A3 gives (p — nAp) — (6,p — Ap) and Modus Ponens with A2, yields
0np — Ap. Similarly, A3y and A2 give Ap — 0,p. In sum, Fy,syun(y) OnD < Ap.

This axiom system is equivalent to the one given in [I5] with a different version
for the third axiom. These connectives were introduced semantically in [3] and are
explicitly definable from the propositional existential quantifier introduced in [IJ.

According to Theorem [I L(6,,) is algebraized by the variety MV(8,,), where
On is a compatible operation defined implicitly by the inequalities

nén(z) <z
x < nbp(x)
(z = ny) < (6ulz) — y).

The reader may verify, after some computation, that these reduce to the single
identity:
(n—1)bn(z) =z © b, (x).
This operation exists exactly in the n-divisible MV-algebras introduced in
[I7]. In particular, 6,(x) = }Lax in [0, 1]arv, and it does not exist in any finite
non trivial algebra.
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The calculus RL = L(6,,)n>2, obtained by adding the axioms of §,, to L for all
n > 2, is called Rational Lukasiewicz logic in [I5], and the corresponding variety
MV(65,)n>2, consisting of divisible MV-algebras enriched with all the operations
On, is called the variety of DMV-algebras, DMV for short.

It follows immediately from Lemma 22 that each DMV-algebra is a subdirect
product of DMV-chains. Moreover, Theorem Bl together with the first order
completeness of the theory of non trivial divisible MV-chains (see [I7]), yields a
quick proof of completeness of RE with respect to values in [0, 1]:

Proposition 1. (Th 4.3, [I5]) REL = L(6,)n>2 is complete with respect to val-
uations in ([0, 1] arv, 6n)n>2.

Proof. By Theorem[2 RE is algebraically complete with respect to all DM V-chains.
But any no trivial divisible MV-chain is elementarily equivalent to [0, 1]prv by first
order completeness. By first order definability of the §,,, this means that all non
trivial DMV-chains are elementarily equivalent to ([0, 1]arv, 6n)n>2. Hence, any
quasi-identity holds in all DMV chains if and only if it holds in this algebra. [

3.2 Approximate Division Connectives

We exhibit now a family of implicit connectives whose calculus is sound but not
complete for values in [0, 1]y . It is clear from the proof of uniqueness of 4,, in
the previous example that the pair of axioms

(B1) p— nd,p

(B2) (p—nqg) = (6,0 — q)
already define an implicit connective of L. Regarding its algebraic interpretation
we have:

Proposition 2. 8 exist in a MV-chain M if and only if min{y € M : ny > x}
exists for all x € M, in which case 8, (x) is that minimum.

Proof. The identities defining the variety MV(6),) become:
(E1) z<néiz, (E2) —-z@®ny<-6.xduy.

Assume they hold in a chain M and = < ny there. Then —x ® ny = 1 and
thus =67z ¢ y = 1 by E2, which means §;x < y. Together with E1, this shows
6rx = min{y : ny > z}. Reciprocally, assume the function f(z) = min{y :
ny > x} exists in a chain. Then f satisfies (E1) by definition. For the second
equation, consider first f(z) < y, then —f(z) ® y = 1 and thus E2 holds
trivially. Consider now y < f(x), then ny < z by definition of f and thus
u=1x® -my > 0. Moreover, z = ny ® u < ny ® nu = n(y ® u), which implies
y®du > f(z). Suppose E2 is false, then ~x®ny > —f(z) Dy and taking negations
u=z0-ny < f(x)®-y. Adding y to both sides gives: ydu < y® (f(z) ®—y) =
f(z), a contradiction. O

Therefore, &7, exists in [0, 1]a/y where it coincides with &, (z) = !z, and it exists
also in the finite Lukasiewicz chains

Ly = ({07 }gila “71}7@7_‘)7 k>2,
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as well as in all finite MV-algebras by Lemma[I] (3), because these are products
of Ly’s. However, the reader may check that ¢, does not exist in any of the
Komori algebras K,,, [16]. Observe that if ¢,, exists in a MV-algebra M then
6% also exists in M and coincides there with 6,,, because 6/ satisfies the defining
identities of 6;,. With this observation it is easy to show:

Theorem 3. L(6)) is sound but not complete for values in ([0, 1]arv, 6}, ).

Proof. Soundness is clear because 6,, exists in [0, 1]arv. Now, ¥ s+ (n—1)6,1 <
=671 because the equation (n — 1)z = -z does not have solutions in L,,. But
([0,1]prv,6;) can not refute this because &), coincides in [0, 1],y with 6, and
opl = }L satisfies the given equation. O
We do not know if L(6,

») is complete with respect to a single chain.

4 Lattice-Ordered Abelian Groups and MV-Algebras

Abelian lattice ordered groups, (-groups for short, are abelian groups with a
lattice order compatible with the group operations. They may be presented as
a variety (G in the vocabulary {+,—,0,Y, A} where — represents difference
and Y, A represent the join and meet of the lattice order, respectively. The
homomorphism must preserve not only the group structure and the order but
also Y and A. We refer the reader to [5] for full details, but emphasize here the
following facts:

Fact 1. /-groups are closed under lexicographic products. We will utilize the
notation G ® H to denote lexicographic product (left priority).

Fact 2. Linearly ordered abelian groups may be expanded naturally to ¢-groups.
All subdirectly irreducible ¢-groups are linearly ordered.

Fact 3. Any /-group may be embedded in a divisible abelian ¢-group, the usual
divisible hull of the group with a naturally extended order.

We will need also the following model theoretic fact. Recall that a first order
theory has elimination of quantifiers if for any formula 6(x) of the language of
the theory there is a quantifier free formula 1(x) which is equivalent to 6(x) in
all models of the theory (see [12]).

Fact 4. The theory of non trivial linearly ordered divisible groups (or ¢-groups) is
complete and has elimination of quantifiers with respect to the language {+, —, 0,
<} (]22], [10], Cor. 3.1.17 [18]), also with respect to the language {+, —, 0, Y, A }
because in the context of total order x < y is equivalent to the formula x A y # y.

Consider now the relation between ¢-groups and MV-algebras.

Definition 4. A wnital ¢-group will be a pair (G, u) where G is an ¢-group and
u > 0. If for any x € G there is n such that nu > x, then u is a strong unit.

We will need the following refinement of Fact 4.
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Lemma 3. The theory of linearly ordered divisible unital £-groups (G, u) with
u > 0 is complete.

Proof. This theory trivially inherits elimination of quantifiers from the theory of
linearly ordered divisible £-groups (Fact 4). Therefore, it is model complete (that
is, any embedding between its models is elementary, see [12]). To obtain complete-
ness it is enough to notice that (Q, +, —, 0, <, 1) is a prime model of the theory (it
is embeddable in all other models). Indeed, if « > 0, the unique group homomor-
phism (Z,1) — (G, u) sending 1 to u is injective and preserves the order, and it
may be extended canonically to Q maintaining the same characteristics. O

Notice that the previous result does not hold if we add two distinguished con-
stants 0 < uy < ug to £-groups since (Q, 1,2) # (Q, 1, 3).

Unital ¢-groups form a variety G, whose morphisms are the ¢-group homo-
morphism preserving the constant w. The functor I' : (G, — MYV associates
to each unital ¢-group an MV-algebra by generalizing the definition of the
Lukasiewicz algebra [0, 1]y :

F(Gvu):([oﬂu]a@a_'ao)v ‘r@y:($+y))\ua r=u—T
I'(h) ="h1[0,u].
Mundici [21] has shown that his functor has a left adjoint
X MY —Lg,

such that I'o X' = Inqy and X establishes an equivalence of categories between
MYV and the subcategory of /G, where u is a strong unit. In particular, any
MV-algebra is of the form M = I'(¥'M). The following may be easily verified
by construction or in general categorical grounds:

Lemma 4. I' and X preserve divisibility, linear order, and injectivity of homo-
morphisms. Hence, for any MV-algebras M, N :

1. M s divisible iff XM is divisible.

2. M is a chain iff XM s linearly ordered.

3. h: M — N is an injective homomorphism iff Xh : M — N is injective.

Clearly, I'(G,u) is first order definable in (G, w). This definability is best ex-
pressed by the following translation (cf. [I0]). To any first order formula 6(x)
in the language {®,—,0} of MV-algebras associate 6*(x,u), in the language
{+,—,0,Y, A} of £-groups, by the following substitution of atomic terms

0+—0, r@y+— (z+y) Au, U — X,

and restriction of quantifiers to the interval [0, u]. Then, for any unital ¢-group
(G,u) and any list of parameters a in [0, u],

I'(G,u) E 0[a] iff (G,u) = 0"[a,u].
In particular, for any MV-algebra M and choice of parameters a in M,

M E 0fa) iff M = 6%[a, 1p]. (t)
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The first order theory of non trivial divisible MV-chains was already men-
tioned to be complete, [I7]. This is an immediate consequence of Lemma [B] and
the translation (@), and it implies automatically the completeness of the theory
of DMV-chains by definability of the 6,. In fact, these theories inherit also full
elimination of quantifiers from divisible linearly ordered f¢-groups. Since this is
not immediate because elimination of quantifiers is sensible to the vocabulary
utilized, and we have not seen it mentioned in the literature, we provide a proof
utilizing the following criterion:

Lemma 5. (Corollary 3.1.6, [I8]) T" has elimination of quantifiers if and only
if for any pair of models B, C of T having a common substructure A, not nec-
essarily a model of T, and for any formula 6(x,y) and choosing a of a list of
parameters in A, it holds that B |= Jyb[a, y| implies C = Jybla, y].

Theorem 4. The theory of non trivial divisible MV-chains (DMV-chains) has
elimination of quantifiers in the language {®,—,0}.

Proof. Let M,N be non trivial divisible MV-chains and A a common MV-
subalgebra. By Lemmal we have injections YA < XM and YA < YN between
totally ordered unital /-groups with X’M and XN non trivial and divisible. Now
let 0(x,y) be any formula of type {®,—,0} and a € A", m € M be such that
M E 0la,m]. Then XM = (0 < m < 1p) A 60%[a,m, 1] by [@). Since a and
1y = 1y = 14 belong to YA, by Fact 4 and the above criterion (Lemma [H),
there is n € N such that YN = (0 <n < 1) A0%[a,n,1a]. Thus N | pla, n]
by (@) again. Once more by Lemma [}l we conclude that the theory of divisi-
ble MV-chains has elimination of quantifiers. The claim about DMV-chains is
immediate from the first order definability of the §,,. O

5 Implicit Operations of MV-Algebras and Maximality of
RL

The next result holds for each member of any implicit family of compatible
operations. For the sake of simplicity, we consider a single operation only.

Theorem 5. Any compatible operation implicitly defined by identities in DMV-
algebras is given by a term of type {D, =, 8y tn>2. Moreover, it exists in all the
DMV-algebras or in the trivial algebra only.

Proof. If such an operation V exists in the trivial algebra only, 0 is the desired
term. Assume it exists in a non trivial DMV-algebra M. Then, by compatibility
of V (Theorem[I]), this operation exists in any non trivial subdirectly irreducible
factor of M (Lemma[2}1), which must be a non trivial DMV-chain by Lemma 2+
2. By completeness of the theory of these chains and the first order definability
of Redy (Lemma [I}2), V exists in all non trivial DMV-chains, in particular
in the chain ([0, 1]arv, 6n)n- Let O(y,x) be the explicit first order definition of
V given by Lemma [I}1, which we may assume to be given in the language
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of MV-algebras since the §,, are first order definable, and let 6" (y,x,u) be its
translation to the language of unital /-groups where u is the unit constant. By
@), 0" (y,x,1) defines v [0,1]™ — [0,1] as a partial function in the unital
l-group (R, 1). Since the join and meet Y, A are interdefinable with the order
<, we may put 6%(y,x,1) in the language {4, —,0, <, 1}, then in quantifier free
form using Fact 4, and finally in full disjunctive normal form \/ 6, (y,x,1). Each

[e3
0, is a conjunction of atomic formulas ¢ = 0, ¢ < 0 or their negations, where
the term ¢ has the form k,y + ... + kpxy + knt1l, k; € Z. Negations may be
eliminated because in linearly ordered groups: t # 0 < (t < 0V —t < 0) and
t£0< (t =0V —t<0). Separating the atomic formulas where y appears with
non zero coefficient, and solving for y, 0, (y, x,1) becomes equivalent in (R, 1) to:

Ny =ti(x1) ANy <s;j(x,1) A /k\uk(x,l) =0AAvr(x,1) <0,

where some of the conjunctions may be empty and the terms t;, s;, ux, v, have
now rational coefficients.

If the first large conjunction A is empty and there are values b € [0,1],

1

a € [0,1]", satisfying 6,(b,a,1), then by density of < in [0, 1] there are infinitely
many values y € [0, 1] satisfying 0, (y, a,1). This contradicts the functionality of
0" (y,x,1). Therefore, the first large conjunction is non-empty (or 6, is unsatisfi-
able and thus superfluous in the disjunctive normal form). Fixing one equation
in the first conjunction, say y = to(x, 1), and substituting the other occurrences
of y by tg throughout the formula, 6, becomes

y:to/\/\tozti/\/\to<8j/\/\Uk:0/\/\’UT<0
[ J k T

which may be rearranged to ¥, (y,x,1) :
y=toANNur=0AAv, <O0.
k r

Thus 6*(y,x,1) is equivalent in (R,1) to a disjunction \/ ., (y,x,1) which de-

scribes a definition by cases of v,

to(x,1) if A wor(x,1) =0 A J\ vor(x,1) <0
k T

X=9: (d)
tin (%,1) 3 N\ i (x,1) = 0A A\ v (x,1) <0
k r

[0,1]

where t;, u;i,v;- are linear terms with rational coefficients, and the regions R;
defined by the conditions in the right hand side determine a partition of [0, 1]™.
This could have been obtained also utilizing the fact that the theory of linearly
ordered Q-vector spaces is o-minimal (that is, any definable subset of the universe
is a finite union of order intervals), see Corollary 7.6, Chap. 1, in [23].

Our aim now is to show that V%! is continuous. By the initial observations,
V exists in the DMV-chain M = (I'(R ® R, (1,1)),6,)n>2, and it is defined
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as a partial function V* : [(0,0), (1,1)]" — [(0,0),(1,1)] in the unital f-group
(R®R,(1,1)) by the formula §*(y,x,u). Since the latter group is elementarily
equivalent to (R, 1) by Lemma Bl then it satisfies the sentence

Yyvx € [0, u]”+1(9*(y,x7u) =\ 0. (y,x,u)),

which says precisely that definition (d)) by cases holds for VMx in (R®R, (1,1))
with the unital constant (1,1) in the place of 1 (notice that being these groups
torsion free and divisible, the rational coefficients in the 6/, are first order
definable).

Moreover, the first projection 71 : (R®R, (1,1)) — (R, 1) is an onto homomor-
phism of unital /-groups whose restriction to M gives an onto homomorphism
m M — ([0,1]amv, 6n)n of MV-algebras, and a fortiori of DMV-algebras by
compatibility of the 6,.

We are ready to show that v is continuous. Suppose that is not the case;
then there is a convergent sequence a,, — a in [0, 1] such that vl (a,) does
not converge to 01 (a). We may assume that {a,} C R; for some i because
there are finitely many regions. Then VI%'(a, ) = t;(a,,1) — #;(a, 1) by conti-
nuity of ¢; and thus

vOU(a) £ ti(a,1). (e)

Similarly, u;x(a,1) = lim, uik(am,,1) = 0 and v;-(a,1) = lim, v (a,,1) < 0 by
continuity of u;; and v;.. Take a point b € R; and consider the point axb =
((a1,b1), ..., (an, by)) € M™ where a = (a1, ..,a,), b = (b1, ..,b,). Then

wip(axb,(1,1)) = (ui(a, 1), uix(b, 1)) = (0,0)
Uir<a * ba (]-7 1)) = (Uir(av 1)7 Uir<b7 1)) glew (07 vir(bu ]-)) <lex (07 0)
for all k,r. That is, a * b belongs to the region R; in R ® R and thus by (d)
VM(axb) =t;(axb,(1,1)) = (ti(a,1),t;(b, 1)).
On the other hand, since V is a compatible implicit operation of DMV-algebras
and m : M — ([0,1]arv, 6n)n 18 an onto homomorphism then
ti(a, 1) = m VM (axb) = VIOU(ri(a1,01), ...y m1(an, b)) = VIO (a)
by Lemma 2}, contradicting (@). We conclude, that V[O'H is continuous.
By the analogue of McNaughton theorem for DMV algebras (Lemma 9 in

3). v must be given by a term ¢ of type {&,—, 8, }n>2. Then the identi-
ties in (V) are satisfied by ¢ in all the algebras of the variety generated by
([0,1]avs 61 )new, that is, in all the DMV-algebras. This means, by uniqueness,
that V exists and is given by ¢ in all these algebras. O

We may conclude that RL does not admit proper implicit connectives:

Theorem 6. Any implicit connective of Rational Lukasiewicz logic is explicit.
More precisely, if RL(C) is an extension of RL by implicit connectives then for
each V € C there is ¢ € RL such that =gy V(P) < ¢(p).
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Proof. Due to Theorem[I] for any implicit family C of connectives of L, the logic
RL(C) is algebraized by DMYV(C), where C is an implicit family of compatible
operation of DMV-algebras. By Theorem [ for each V € C there is a term ¢
of DMV algebras such that =pape) V(%) = ©(x), and by algebraizability this
implies Fryc) V(P) < ¢(p), where ¢ € RL. O

An inspection of the proof of Theorem [ shows that it actually proves:

Theorem 7. Any member of a family of compatible operations defined implicitly
by identities in MV-algebras is given by a term of type {®, =, 65 }n>2 in all DM V-
algebras where the family exists (if any).

This result will allow us to show that RL is the largest extension of L. by implicit
connectives having a sound and complete semantics with values in [0, 1], module
bi-interpretations leaving L fixed.

Definition 5. Call a function T' : L(C) — L(D) between extensions of L by
implicit connectives a faithful translation over L if there are formulas ¢y €L(D),
V € C, such that for any «, o; € L(C),

1. T(a) = a(V/ev)vee

2. {aiti<n Frey a iff {T(qi) bicn Frep) T(a).

This amounts to say that L(C) is bi-interpretable with a full fragment of ¥L(D)
by a translation that fixes L.

Theorem 8. An extension L(C) of L by implicit connectives is sound and com-
plete with respect to valuations in ([0, 1) v, fv)vec for some interpretation of
the connectives in C if and only if there is a faithful translation T : L(C) — RL.

Proof. For simplicity, we consider a single connective. Assume the hypothesis for
L(V). By soundness, fv satisfies the identities corresponding to the axioms defin-
ing implicitly V, and thus v = fv exists in [0, 1]a7v. By Theorem [1 there is
a DMV-term ¢ such that fv = ¢ in [0, 1]avs = ([0, 1]arv, 6n)n. Hence, we have
the following chain of equivalences: {a; }i<n Friv) o iff {as = T}icn F0,1)0v,f0)
a = 1 (completeness of L(V)), iff {a;i(V/p) = 1}icn Fo1]uys (V/p) =1
(previous observation), iff {«;(V/¢)}i<n Fri @(V/g) (completeness of RL).
Therefore, T'(a) :== a(V/p) is the required translation.

Reciprocally, if there is a faithful translation 7' :L(V) — RL as described, then
{ai}in Frw) @ i {0i(V/9)}icn Fre a(V/g) (hypothesis), iff {ay(V/¢) =

Lticn  Foamvs @(V/¢) = 1 (completeness of RL), iff {a;(V) =
Li<n F(oa]uv,eony @(V) = 1. Thus, L(V) is complete with respect to
([0, ] arv, 001). O

*

By Theorem [ the previous result implies that the logic L(6)) of approximate
division introduced in Section 3 can not be faithfully embedded in RL, even less
in L(6,,), for n > 2. Therefore, RL is not the maximum extension of L. by implicit
connectives.

Observe that L(6,,) cannot be embedded in L(6},), even as a weak fragment.
Otherwise, the image v of 6,1 by a possible translation would satisfy Fy,s-)
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(n— 1)y <> —y, which is impossible because the corresponding equation, (n — 1)
x = -z has no solution in L,,. Therefore, L(8)) and L(8,) are incomparable
extensions of L with respect to faithful translations.

6 Implicit Connectives of n-Valued LUkasiewicz Logic

For n > 2, Lukasiewicz n-valued calculus L,, (cf. [I0]) is algebraized by the
variety MV, of n-valued MV-algebras, generated in turn (as a quasivariety) by
the Lukasiewicz chain L,,. By Jénsson’s lemma (Th. 6.8, [7]), the subdirectly
irreducible algebras of MV,, are the subalgebras of L,, because this variety is
congruence distributive and these algebras are simple. Moreover, they are the
only chains of the variety.
For n > 3, the axiom
(n—2)c« —c

defines an implicit constant connective of L,,. In fact, it defines an implicit con-
nective already in L because the quasi-identity

VaVy(me = -z Amy =~y = z=1y)

holds in [0, 1]asv, and by completeness mc < ¢, mc’ < —c g, ¢« ¢/. Accord-
ing to Theorem [] c¢ is reducible to ¢,—1(1) in RL.

Returning to L,,, c is realized algebraically in L, as the element nip but
it does not exists in any proper subalgebra of L,,. Thus (L, nil) is the only
subdirectly irreducible algebra of the corresponding variety MV,,(¢) by Lemma
212, and therefore L,,(c) is sound and strongly complete with respect to values

in this algebra by Theorem [
Theorem 9. Any implicit connective of L, (c) is explicit.

Proof. For any implicit extension L,,(c, V), the only subdirectly irreducible al-
gebra of MV,,(¢,V) is (L, nil,VL”) by Lemma 212 and the previous obser-
vations, and thus this algebra generates the variety. But (L, nil) is a primal
algebra because it is term equivalent to the basic Post algebra of order n. Then
V is a term ¢ of MV, (c) in (Ln, " ). The identity V = ¢ is inherited by the
variety MV, (c, V), and thus 1, (. v) V < ¢ by algebraizability. O

Tt is possible to show, as in Theorem [§ that £, (c) is the largest extension of £,
by implicit connectives which is complete with respect to values in the algebra
L,,. However, there are such extension that are not complete with respect to L,
or any single given chain. For example, the axioms

nc*

np — (¢* —p)

define an implicit connective of L,, which is realized in each subalgebra of L,, as
the minimum positive element of that subalgebra. Thus L,,(¢*) is complete with
respect to the family of chains (L, '), (k — 1)|(n — 1). But it is not complete
with respect to any particular one of them. We illustrate the case when n = 5.
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Proposition 3. L5(¢*) is a conservative extension of Ls not complete with re-
spect to any si